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Abstract: Gravity and electromagnetism are two sides of the same coin, which is the clue of this unification. gravity and
electromagnetism are representing by two mathematical structures, symmetric and antisymmetric respectively. Einstein
gravitational field equation is the symmetric mathematical structure. Electrodynamics Lagrangian is three parts, for electromagnetic
field, Dirac field and interaction term. The definition of canonical energy momentum tensor was used for each term in
Electrodynamics Lagrangian to construct the antisymmetric mathematical structure. Symmetric and antisymmetric gravitational
field equations are two sides of the same Lagrangian.
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1. Gravity and electromagnetism are two sides of the same coin

Gravitational objects have spin and angular momentum, spin and angular momentum of gravitational objects are related to basic

quantum properties of elementary particles. The angular momentum for the sun is given by Jon =My, COJstun ~10% €rgs.S, for solar
M, @, R? =M

M, = 10®g; R ga|2 = 10" cm?; @, =2x10"°HZ and the value of angular momentum is N 10™ ergs.s . Similarly for cluster of

system is J ~10% ergs.s. In the case of a galaxy the angular momentum is given by J a)nggalI where
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galaxies, the angular momentum is given by J st =M@, R e 107 7t in Hubble scale and for the universe J,,, *10°7.
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~10°%rgs.s/cc. For a galaxy o, = ———
T

~10%rgs.s/cc .

Spin density (o = spin/volume) is the same for a wide range, for an electron the spin density is given by 0, =

For proton 0, ~ 10%rgs.s/ccalso for the solar system we have o, - ~10%rgs.s/ccand
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spin density for Universe 0, = ——=75 ~ 109ergs.s/ CC [1]. Not only this, but also magnetic fields seem to be everywhere that we can

3 H
look in the universe [2]. Magnetic fields are observed to be of the order of 103G in neutron stars, 10°G in solar type stars.
Magnetic fields of order a few pG also have been detected in radio galaxies [3]. Magnetic fields are associated with all gravitational
objects and gravitational objects are magnetic dipoles. Electromagnetism not tied only to charged particles, but the planets, stars,
galaxies and clusters.
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2. Symmetric and antisymmetric mathematical structures
Unification of gravity and electromagnetism has been pursued by many scientists, like Weyl, Eddington, Einstein, Infeld, Born and
Schrodinger. Weyl initiated this unification, Eddington considered connection as the central concept then decomposed its Ricci

tensor to symmetric Ricci tensor (R uv ) Tepresents gravity and antisymmetric Ricci tensor ( Rm ) represent electromagnetism.

Infeld and Born followed the path of Eddington then derived the Lagrangian £, = \/— det(g,, +F,,) —/—9 , they considered the

asymmetric metric §,,y =9, t Fw, its symmetric term §,, represents gravity and antisymmetric term ( FVG ) represent

electromagnetism and g is the determinant of the symmetric metric tensor §,, [4]. Schrodinger generalized Eddington Lagrangian to

new form containing the cosmological constant (A) [5]. Despite the failure of these previous attempts, they in its entirety refers to

something cannot be neglected is that gravity and electromagnetism should be representing by two mathematical structures.
3. Curvature tensor
Riemann tensor in terms of Christoffel’s symbols defined by

Rg,uvo' = Fﬂyarglv _Fﬂyvrgla +F5 _F6 (1)
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Riemann Christoffel tensor is of rank four, contravariant in 6 and covariant in p, v, and o, and also
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Is the necessary condition for the validity of the special theory of Relativity and for the absence of permanent gravitational field or
are the necessary and sufficient condition that the space time is flat [6].

Lowering the last index in the Riemann Christoffel tensor with the symmetric metric tensor, the lowered tensor R, = R’ wo9s 18

symmetric under Interchanging of the first and last pair of indices and antisymmetric in p, e and in v, o.
Symmetric and antisymmetric Ricci tensors can be written as follow

_pd _ 1A 19 Za ) s s
R,uv =R ws I ,u5r v - yvr w"‘r y&,v_r uv, 5 3)
_RS 719 5
RVO'_R 5v0'_r (50',V_F ov, o (4)
Symmetric and antisymmetric Ricci tensors give us the opportunity to have symmetric and antisymmetric gravitational field

equations.

4. General theory of Relativity

General relativity is the modern theory of gravity; General theory of relativity relate gravitational field to the curvature of space time.
Symmetric stress energy tensor Ty is the source of gravitational field in general theory of relativity.

In the presence of permanent gravitational field, the symmetric gravitational field equation is
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R is the Ricci scalar and G is the gravitational constant. Einstein-Hilbert action for gravity is given by

4
S= IﬁGRdV = J. 16C7ZG (R-2A){—gd*x,dV =/—gd*X is invariant volume element and gravity Lagrangian defined by
o
= R-2A 6
b= Tora ("2 (6)

Gravity Lagrangian is a combination of Ricci scalar and cosmological constant.
5. Electrodynamics
Electrodynamics Lagrangian is given by

1 vo oyl H v
Lep == F7F, +y(i 7, D" —m)y )
F' is the electromagnetic field strength tensor, D" is the gauge contravariant derivative, y matter field, ¥/ = YW/ "is their adjoint,

| =v—land Y, is the four Dirac matrices with (v=0,1 ... 3). The electromagnetic field strength tensor ( F"” ) is given by

0 -E, -E, -E] 0 EE E, E
vo _ EE 0 -B B -E, 0 -B; B,
F* = AndF, = their lowered index counterpart.
E, B 0 -B -E, B 0 -B
| E; -B, B 0 | -E, -B, B 0
The first term of Electrodynamics Lagrangian for the electromagnetic field is given by
1
Ee.m.:__FVO'F 8
TFF. ®

Canonical energy momentum tensor for electromagnetic field Lagrangian is

e.m.
m

HVU e.m.: Laﬁ A'u - gvﬁﬁe. . (9)
8(8" A"

Using the identity % =4F,,, we find

Vo

0 M= _Fv/—l FO'ﬂ + % gvo’ F()'/?. F o (10)
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Equation (10) is not antisymmetric due to the asymmetric Tensor (=FF *) [7], for this let's suppose that the asymmetric tensor is

"
the sum of symmetric and antisymmetric tensors as follow
U _ O u o
_Fvy FO' - a Zavy B Fv,u FO' _a lo*v,u (11)
The divergence tensor is arbitrary antisymmetric tensor in their first two indices ( ¥,,, = ~X,0), it is constructed from

electromagnetic field strength tensor ( FVC, ) and electromagnetic vector potential (Aﬂ ).

Equation (11) in terms of this definition can be rewritten as

U _ Ao u o

_FV,uFU _a (FVO'A,U)_ FV,UFO' _a (FVO'A,U) (12)
Employing the Maxwell equation, we obtain

_Fv,u Fay == jv A,u - Fv,u FO'N + jv A,u (13)
The antisymmetric stress energy tensor for electromagnetic field can be written as

T, "=60,"+]j A +F,F* (14)
And also can be written in the form
mo 1 ;
Tvae. = JVA/I + Z gvo’ Fé'l F o (15)
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If we multiplied this equation by o )we find

e TR R, R e
The second term in electrodynamics Lagrangian for Dirac field and given by
L% =i 7,0"-m)y. (17)
The canonical energy momentum tensor defined by
oree _ 0L oy + oL oyi—-g L™ (18)
vo 8@w) °" 8@y ° vo
0,°" =i 1,0,v =0, (i y,0" ~my (19)

The canonical energy momentum tensor that has been presented in this equation is not antisymmetric due to the symmetric term



(l/7i 7,0,V ). For this, the antisymmetric stress energy tensor can be written as the canonical energy momentum tensor minus this

symmetric term as follow

Di Di —
Tva Irac — 91/0- Irac _l/ll }/V aaw (20)
T, ==0,,W(iy,0 ~my 1)
872G
Multiplying equation (21) by o) we have
8zG irac 87zG _, .
o T =—— 9 ¥(l y,0" —my (22)
Third term is the interaction Lagrangian and given by
L™ =—eyy, y A (23)
The canonical energy momentum tensor is given by
0" =9, 607,y A (24)
And antisymmetric stress energy tensor is
T," =0, e0,yA (25)
Antisymmetric stress energy tensor for interaction Lagrangian is the same canonical energy momentum tensor, multiplying the

87G
previous equation by o we find

8 e 87G
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If we added egs. (16), (22) to eq. (26), we have

9,,ewy,y A" (26)
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T T T = S LA S 0 h F 7 +egyw A —ip(iy,0" - m)w} 27)
If gauge contravariant derivative (D* = 0* +ieA*) is used in the previous equation, we find
872G em in e 87G . 271G 872G _,.
= [T, +T, ™ +T, 2% | = = iA, J{c_“ F,F* } Qur =7 Yo [7(iy, D" —m)y | (28)
87G em in irac] 876 . 27G 1 167G _, .
C4 |:Tva . +Tva t +TVUD :'Z C4 JvAﬂ+|:C—4 FSEF&:lgva _Egva |:C—4W( I 7& D/I _m)l//:| (29)
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BZG T. =R, +Ag, —% Rg,, (30)

Antisymmetric gravitational field equation is gauge invariant and antisymmetric stress energy tensor can be written in the form

T, =[T, 2 +T, " +T,°"] (31)
Ricci scalar is proportional to the sum of Dirac and interaction Lagrangians as follow

L) (32)
Cosmological constant is a construction from electromagnetic field strength tensor and given by

A= 2(7;6 FoF,, (33)
Antisymmeric Ricci tensor is given by

Ro =2 LA, 49

zG
Antisymmetric Ricci tensor is the antisymmetric term of eq. (13) multiplied by( o j .

Substituting by egs. (32), (33) into eq (6), we have

¢t [164G _, . ¢t [24G . 1
Lo = 75— [c—“l/l(l nDl—m)w}—SﬂG{ C4 F&F&}w(l 7.D*—my — PR, = Lo (35)

Gravity Lagrangian equal to electrodynamics Lagrangian, but in terms of the second set of indices. Electrodynamics Lagrangian and

Its parts can be written in terms of one of two sets of indices, first set is {1, ,v, 6} and second set is {¢, ,5, 1.}

87G
If we multiplied eq. (13) by 0—4 , we find

B 872G

o FuF/ =R, ¥R, (36)
872G .
Ry == (-5 A -F,F"] (37)



V4
The symmetric Ricci tensor is the symmetric term of eq. (13) multiplied by [ x ) and it is the sum of divergence tensor and the

asymmetric Ricci tensor. If we substituted by eq. (37) into eq. (3), we find

- 8:4G FV/.! FGH - 8:46 jv Au = rﬂyé‘r‘dﬂv - rlyvrﬁlé + réyﬁ,v - 1—‘5;“/’ )
Substituting by eq. (34) into eq. (4), we find
87G . ; ;
C—4 Jv Ay = 1—‘ééb',v _réév, led

This tensor takes the form of curl of vector as follow
872G .
_c“ jVAﬂ =0,0,log+—g9 —0,0, log \/—g

Equation (38) can be divided into two equations as follow

87G ; ;
_C_4 Fv;t FO'/J = rl;t(’)‘r‘éiv - Fl;tvréléi
87G . ; ;
_C_4 JVA,u = ré,u(')‘,v _réyv, o
Equation (42) can be rewritten as
87G . —~ 5
_C—4 .lvAy = ava,u Iog -9 _aﬁr uv

— 872G . ;
avau Iog _g +C_4 JV A;t = aﬁré;tv
y 1 Yo 1 Yol
T =597 (0,90 +0,90 =0,9,,) =597 (0,9, = 9,9,

2
96 =9 = 9, = g,f = gwgm =0
9,=9,=9,=9,"=9,9" =0

i 1 - 1 . 1 1 .
adréyv :Eaa‘gb aygav _Ea()‘gé ao—gyv :_aﬁaygbv __aﬁaagé gyv
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Substitute by eq. (48) into eq. (44), we find

87G . 1 1 s
2,0, Iog«/—g +C—4 A, :58(56#gév —an‘aag’ g,

Equating the first term by the first term in this equation, we find

(38)

(39)

(40)

(41)

(42)

(43)

(44)



1 ‘
2,0, log/— =5658#gbv

1
0, log /- ZE‘%QJV

In eq. (49) if we equate the second term by the second term, we find

87G . 1 -
T JVA,u :_Eaﬁao‘gé g,uv

Equating eq. (52) with eq. (40), we find
1 o
2,0, log\-g 0,0, log\/-g = _Eaéﬁag G

Equation (41) can be rewritten in the form

87G s —
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1 . 1 .
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Using eq. (51), we find
; 1 — —
Flltb‘rblv = Z[aﬂavgl& + zayav Iog —g- Zauav Iog —g ]
1
:Za/javglﬂ (59)
And Substituting by this equation into eq. (54), we have
87G .1 1 0 1 i
—— R =20,0,9%,+59770,0,l09-g9,, +5 90,0, l0g\-9g,, (60)
Now, let’s construct the antisymmetric metric tensor. Electric field in empty space is given by
E _ EOlei(klxl—a,lx‘,) + Eozei(kzxz—(uzx‘,) 4 EO:&ei(k3x3—o)3x4) (61)

0= +a0,+0,, k=(k,k,K;)are the wave frequency and wave vector. In general orthogonal curvilinear coordinates a vector A
defined as follow
A= elh1 +62h2 +83h3. (62)

Let’s suppose that (Eo1, En, Eos) is the unit vector then equate eq (61) with eq (62), we find I}, = g, h, = e %) ong

i (kg¥s— . . . . . . . ..
h3 = g'(kmes) ; Using these three coefficients to construct the antisymmetric metric tensor ( §,,, ), this tensor is in the same form of

electromagnetic field strength tensor F , and with the same signs.

[0 h h, h 1 0 pilknax)  ailon-ex)  gilkysom) |
|-h 0 —hy by || e 0 _pilkoton)  gilktoonk)
S B B I 0 _eilki-ax) (63)
_h3 —h2 h1 0 _pilono)  _gilkgopx)  gilkx-ex,) 0
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And now, we will return to the cosmological constant which it will splits up into two parts where F;, F* =-2E" + 2B

A=—4(’;G E2+4Z4G B? (64)
The first term of cosmological constant can be written as
A, =87C (65)
C
pi=-ZE* (66)
First term is proportional to density of vacuum electric energy, the second term of cosmological constant can be written as
A, =G, (67)
c
pr =B (68)

Second term is proportional to density of vacuum magnetic energy. Cosmological constant proportional to the sum of binding

energy per nucleon [T) and its absolute value |——

, and can be written as

82G( B.E.| 87G B.E.|
A== = (69)
C A c | A |
Binding energy per nucleon is defined by % = _ATm c¢? ,whereAm=2m, + (A-Z)m —M, A is atomic mass number, Z is atomic
number, M N is a nucleus mass, M is proton mass and M, is neutron mass [8].
Symmetric gravitational field equation in empty space is
1
RW—ERgW:—gwA (70)
1
R, = (E R- Aj 9, (71)
Equating eq. (37) with eq. (71), we find
87G . 87G 1
- Z“ i A, - Z“ F,F"= [5 R —Aj 9, (72)
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Antisymmetric gravitational field equation in empty space by analogy to symmetric gravitational field equation is

RVO' _% RgVO' = _gVO'A (73)
1
R =(ER—A) 9o (74)
Equating eq. (74) with eq. (34), we have
872G . 1
C4 JVA,U = (E R - A] gvo‘ (75)

If we added eq. (72) into eq. (75) we have

({2,

If we equate eq. (60) by eq. (76), the first term of eq. (60) hasn’t comparable one in eq. (76) and equal to zero

1
Zayavg ,=0 (77)
Equating second term of eq. (60) by the first term of eq. (76), we find
1 . 1
Egi a#ailogq/— :ER_A (78)
Equating third term of eq. (60) by second term of eq. (76), we find
lg“aaal log /- :%R—A (79)
Equating eq. (78) by eq. (79), we find
1 . 1 .
59770,0,1004-9 =29"78,0,109y~-g (80)
8,=0, (81)

6. Conclusion
General relativity is very successful theory. This paper introduced new definitions for the cosmological constant which lead to new
study in cosmology undertaken. Differential geometry has been extended by new tensors and operators, these tensors are

W , 9,5, 9.5, s - The four dimensional gradient operator became six operators, these operators are 0 ur av , ag , 0 e 0 57 0 2-

This study introduced new relations in differential geometry and created new differential geometry analysis undertaken.
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