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Two basic computational methods:

a) Use Taylor series expansion (finite difference meth.)

b) Expand into a series of basis functions (Spectral meth.)



nl n n+l Finite Difference

Equi-spaced points

f(Xn +h) = f(Xn) + hf'(Xn) + L' (Xn) + L (Xn) + O(h*)
f(Xn — h) = f(xn) — "' (Xn) + 2F"(Xn) = LF"(xn) + O(h*)

%(fml +fn1) = fn + h_zzfﬁ + O(h4)
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Spectral Method

Galerkin

Collocation



Error

(d?/dr? —L(L+1)/r? +k?>)F.(r) =0
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Spectral Methods

a) Expand the functions into a set of basis functions ¢ 1 (X)

T(X) = a1¢0(X) + a201(X) + azg2(x)....0

fN(x) = 3™ an ¢n1(x), Truncated

Error R(X) = TN (x) —f(x)



magnitude of the Cheb exp. coeff.

Expansion into Chebyshevs
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Expansion Coeffs of xsin(x) [O,pi]
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expansion coeff

f= exp(-xz), x from 0 to +6
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Spectral Methods

D) Take all the support points into account
simultaneously

i r2 r3 rn



Galerkin

®~ Linear operator

|:U(X) = f(x), x € [a,b] <—__  Eq. to be solved for u

f s a known function

uMx) =Y aidi(x), a<x<b

Basis functions

LuM™M(x) - f(x) = Rf\'\')(x)

Residue to be minimized



Galerkin,

(iIR) = [ 2i)P(YR(x) dx

ZaN:ijiai—Fj = (¢ilR) =0, j=1,2,...,N+1

where A
(L)j; = Lji = (xjlL¢i), and Fj = (x;jlf)

Lx(@) =(F) « Matrix Eq. for the coefficients a



Collocation

Lu®™x) = X ai (Lgix = f(x)

How to avoid the overlap integrals

N\



M) = 35 ai ¢i0)

Curtis-Clenshaw matrix method to
obtain the expansion coeffs. “a”
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ZiNjfai (Loi)r, = f(rs); s=1,2,...,.N+1

For all the mesh points s

Z:\I:Jrll dj (|:¢i)rs =f(rs); s=1,2,..., N+ 1
(M)si — (|:¢i)rs

Z:\Iill (M)g; ai = 1(rs)

Basic matrix eq. for the a’s



M) = 35 ai ¢i0)

Curtis-Clenshaw matrix method to
obtain the expansion coeffs. “a”

/ f(ra) \ / ai \

f(r2) | dp

\ f(rn) / \ an / r's are mesh-points
that have to be chosen

(a) — Cf - (f) carefully

N x N Matrix

(f) =




Derivative Example I: = dix

u(x) = eS"®  y’(x) = cos(x) « u(x)

—nT < X< 71




Conbrergence of fourth order finite differenc
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C&onvergence of spectral differentiation
10

10

10

10




error

qgnvergence of spectral differentiation
10

10

10




Interpolation Example
N =16

f(x) = 1/(1+16 X2) -1<x<1

equispaced points Chebyshev points

1.5 1.5
1 1
0.5} 0.5
ob 4 4 44 0
0.5} maxerror = 5.9001 ; -0.5} maxerror = 0.017523

U ; \ - 1 : . :
1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5



Chebyshev Polynomials

-1<x<1
To=1
T1 =X
T2 = 2x%2 -1



Chebyshev Polynomials

.
1 R ’ (o )
: ’ Y e v=0 o 3
\ ‘\' '\‘ o v=1 o I:' I
- 1]
05t % ! |omv=2l o i
- ' g 1 | —_— 3 -
‘- 1 - v=3 j0 ! O
A ' !
L \ o I! I
é ® ]
0 1 \ o\ r
1 \ \ ’
! \ ° v ’
1 \ A -
1 \ O \ !/ !
-05Fe . Q ¢ 1
1 o . N 1
! o ‘N g é
1 ‘“ K¢
- o r\ \/ \ ~
180 . S =’ - sid.
-1 -0.5 0 0.5




Expand exp(x)

Expansion error is uniform. Truncate the expansion at “n
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Integral Properties

IL(y) = | fl f(x")dx’

10 (y) = 38 baTa(y),
fN) =31 anTa(y),

/bo\ /ao\

o] ai

(o) Ly



Diff. eq. — Integral eq.

|k Jy(n) = V()

w(r) = f(r) + [ G&; r, i)V )y (r') dr'



For the Chebyshev Spectral method need:

Four basic Matrices C, C1 S, Sk
(N+1) x(N+1)

Plus : Given N, find a list of the zeros of the Cheb. Pol. Ty.1

& =cos| 52| (1=01,2...N).



8 papers with I. Koltracht from 1996 to 2006

Examples



e-H scattering with exchange;
Error in the singlet phase-shift
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Scattering of two atoms, including an open and a bound Channel
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Log (Error)

Error of the resonant phase shift in a

Morse Pot’l
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Calculation of the He-He binding energy

Rawitscher and Koltracht,
Eur. J. Phys 27, 1179 (2006)

E=-1.1x10"-7) eV
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Phase-Amplitude description of a
wave function



The Schroedinger partial wave equation

d?y/dr? + k?y = V1 v

V1(r) = L(L +1)/r? + V(r)



Milne’s eqgs. (1930)
For the amplitude and phase, E >V

/ /
w(r) = y(r)sin[o(r)]

d2y/dr? + k?y = Vry +k2ly?)

#(r) = ¢(ro) + k[, [y(r)] 2 dr



Solution of the amplitude Eq.

Spectral expansion

GR: Comp. Phys. Comm. 191 (2015) 33; 203 (2016) 138

y(x) = 3" an Tn(x)

N + 1 ChebyshevPolynomials
N + 1 non — equidistant support points



Amplitude agrees with a S-IEM wave function for a

repulsive rounded Coulomb Pot’l, eta =+ 2, 10 <r

<2000
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amplitude y

Atractive Coulomb Potential

Amplitude y




y sin(phi)

Wave function
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Summary and conclusions

The spectral-Chebyshev integral eq. method in coord. space

a) only requires the value of the input potentials and Green’s
functions at the N+1 support points, and not integrals thereof.
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b) Does not require a matrix representation of the Kinetic Energy
operator, since it uses analytical Green’s fcts. (no pole singularities)



Summary and conclusions

The spectral-Chebyshev integral eq. method in coord. space

a) only requires the value of the input potentials and Green’s
functions at the N+1 support points, and not integrals thereof.

b) Does not require a matrix representation of the Kinetic Energy
operator, since it uses analytical Green’s fcts. (no pole singularities)

c) Converges rapidly to high accuracy, as N increases,
and permits one to specify the expected accuracy ahead of time.

d) Spectral method explained in Am. J. Phys., 79 (2011) 417.
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