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MASS WITHOUT MASS

The concept, realized in modern
physics, that objects with non-zero
mass can emerge from building blocks
of zero mass.

It’s a feat worthy of the Cheshire
cat.

Frank Wilzcek
Atlanta APS meeting 2012
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QUANTUM YANG-MILLS THEORY
(The 7th Millennium problem of Clay

Mathematics Institute, 2000)

Find a mathematically complete proof that
for any compact semi-simple global gauge
group G, a nontrivial quantum Yang-Mills
theory exists on the four-dimensional Minkowski
space-time and the spectrum of its quantum
Hamiltonian has a positive gap.

E.g. G = SU(3), SU(2), SU(2)L⇥SU(2)R
for strong and weak (with no supercharge)
forces, and for neutrino oscillations.
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TROUBLES WITH THE STANDARD
MODEL OF ELEMENTARY PARTICLES

9 positive masses of fermionic quarks and
electrons,
3 positive masses of weak vector bosons.
Neutrinos are massless.
Yet 2015 Nobel prize in physics is for ”The
Discovery of Neutrino Oscillations, which shows
that Neutrinos have positive Masses”.

Too many phenomenological artifacts for a
fundamental theory!
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CONSTIUENT QUARK MASSES

18 years of Budapest-Marseille-Wuppertal Col-
laboration produced ”Ab-initio Determina-
tion of Light Hadron Masses” (Dürr et al,
arXiv:0906.3599 [hep-lat]).

The masses of nucleons have been computed
correctly via non-perturbative lattice approx-
imations in the framework of the QCD. Only
the lightest quarks have been used but 99%
of the all visible matter evaluated theoreti-
cally!
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The bare masses of the lightest quarks are
tiny. Only their subnucleonic interaction with
the gauge field of gluons have the leading
roles.

In 1999 Wilczek has simplified QCD into
QCD Lite keeping only lightest quarks stripped
of their bare masses. This is not essential for
the lattice computations.
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QUANTIZATION ORIGIN OF MASS

For pure Yang-Mills theory this is a solution
of the Yang-Mills problem. It is published in
A. Dynin ”Quantum Yang-Mills theory re-
visited”, Russian Journal of Mathematical
Physics, 24, (1)(2017), 26-43 where the semi-
simplicity of the gauge group is crucial.

The quantum interaction between Majorana
fermion fields and Yang-Mills boson fields is
the subject of the present lecture.
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YANG-MILLS-MAJORANA MASSLESS
HAMILTIONIAN
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YANG-MILLS FIELDS

A local gauge group

fG is the group of
G-valued functions g̃(x) on Minkowki space
with coordinates x = (t, x1, x2, x3) = (t, ~x).

Yang-Mills fields are relativistic vector fields
A(x) = (A0, A1, A2, A3) with values in the Lie
algebra of fG that satisfy Yang-Mills nonlinear
2nd order partial di↵erential equations.
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SYMMETRIES

Yang-Mills equations are invariant under the
infinite-dimensional Lie group of local gauge
transformations

Aµ 7! g̃Aµg̃
�1 � (@µg̃)g̃�1,

and transformations induced by the 10-dimensional
group of Lorentz isomeries of the Minkowski
space-time along with the 1-dimensional group
of scalings

A(x) 7! sA(sx), 0 < s < 1.

All symmetries are fundamental.
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MASSLESS MAJORANA FERMIONS

Solutions  of the Dirac equation which are
invariant under under Lorentz invariant com-
plex conjugation  c =  . They form a real
vector space.

By the CPT-theorem Majorana fermions are
PT are invariant under the induced group of
proper Lorentz transformations, the analytic
continuation of the compact semi-simple Lie
group SU(2)L ⇥ SU(2)R.
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YANG-MILLS-MAJORANA FIELDS

Charge-invariant solutions  of the gauged
Dirac equations with partial derivatives con-
verted into covariant partial derivatives

@µ,A := @µ + [⇢(A), ],

where ⇢ is an orthogonal representation of
the gauge group G into n-multiplets of Ma-
jorana fields.

The YMM equation for (A, ) is the system
of combined YM-equations for A and gauged
Dirac equations for  .
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HAMILTONIAN GAUGE A0(t, ~x) = 0

Violates both the local gauge and relativistic
invariance of Yang-Mills equations.

Then in the 1st order formalism the partial
di↵erential YMM equations split into semi-
linear system of Hamiltonan evolution and
time-independent nonlinear constraints for

A(t, ~x), E(t, ~x) = curlA+ [A ⇥, A],  (t, ~x),

where [ ⇥, ] is the cross product of vector
fields with values in fG.
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CAUCHY PROBLEM FOR EVOLUTION

Solutions of the semi-linear partial di↵eren-
tial system of Hamiltonian evolution have a
finite speed propagation of the Cauchy vec-
tor data

a = A(0, ~x), e = E(0, ~x),  =  (0, ~x).

Thus solutions of the Cauchy problem (with
no conditions at the space infinity) are de-
fined by the evolution of initial data with
compact supports in R3.
The evolution of massless Majorana fields
is uniquely defined by the Cauchy data in
~x · ~x < r2, 0 < r < 1, and exists at any time.
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CONSTRAINT MANIFOLD

In the Hamiltonian gauge the time-independent
constraints form a smooth submanifold C of
the vector space of smooth Cauchy data for
massless Majorana fields. It carries a global
smooth chart Atrs⇥Etrs⇥P considered as the
real diagonal D in the direct product of the
vector spaces of smooth transversal complex
vector fields z := 2�1/2(atrs+ietrs) along with
spinor fields  and their anti-dual spaces:

D(U ⇥ V) := {(u, v), v = u⇤}.
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YMM HAMILTONIAN ON D

H = Hg,r( , z) = (gr)�1H1,1 =
Z

~x·~x<r2
d3~x [i †@k,(z,z)�k � g�2 † ],

where 0 < r < 1, �k are Dirac matrices, and
g is a dimensionless coupling constant.

The Hamiltonian scalar functional is non-
negative on Majorana fermions.
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QUANTIZATION OF THE YMM
HAMILTONIAN
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SUPER HILBERT SPACE D0 = D0
b ⇥D0

f

Bosonic D0
b and fermionic D0

f are complex
Hilbert spaces with conjugation

z = (zb, zf), z = (z⇤b, z
⇤
f)

Non-degenerate Hermitian super product

zz := z⇤bzb � i z⇤fzf � 0

(with the bracketless contraction notation)
identifies D0 with its antidual space D0†.
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T-RIGGING OF D0

Let T = Tb ⇥ Tf be a positive selfadjoint op-
erator on D0 such that T�1 has finite trace.

Let D[k], k = ±1,±2, . . . , be the Hilbert spaces
with the the Hermitian forms z(1 + T )kz2.

The continuous embeddings

D := \k>0D[k] ⇢ D0 ⇢ D† := [k<0D[k]

form a T -triple where D is a nuclear Frechet
super space.
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HILBERT FOCK SPACE F(D0)

Let zi = (zbi, zfj) 2 D form an orthonormal

basis for D0. By acclamation, finite srrictly
ordered super products of continuous linear
functionals zbi and zfj on D0 form an or-
thonormal basis for the Hilbert Fock space
F(D0).

Naturally F(D0) has the continuous Hermi-
tian scalar product and the conjugation de-
fined on the basic products via the reversed
factor-wise conjugation.
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HOLOMORPHIC RIGGING OF F(D0)

Exp(D†) ⇢ F(D0) ⇢ Ent(D),

where Ent(D) is the nuclear space of entire
super holomorphic functionals on D, the an-
tidual of the nuclear Frechet space Exp(D†)
of functionals from Ent(D†) of the exponen-
tial growth type with respect to a continuous
seminorm on D†.
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CREATORS AND ANNIHILATORS

The coherent states

ez(⇣⇤) := e⇣
⇤z, z, ⇣ 2 D,

form a continual basis in Exp(D†). Thus the
component-wise creators and annihilators

z+ := (z⇣⇤) (⇣⇤), ⇣⇤� := @⇣⇤ (⇣⇤)

are well defined adjoint operators in Exp(D†)
and their super commutators are equal to the
super contractions:

[⇣⇤�, z+] = ⇣⇤z.
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COHERENT STATES MATRIX
ELEMENTS

The vector space of continuous linear oper-
ators F(D†) ! F(D) is, by the nuclearity,
topologically isomorphic to the vector space
F(D ⇥D) of the coherent states matrix ele-
ments

⇥Q(z, ⇣) := hez |Q| e⇣i, (z, ⇣) 2 D ⇥D).

Actually if ⇥Q(z, ⇣) is a continuous polyno-
mial then

Q : F(D†) ! F(D0).
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NORMAL, WEYL, ANTINORMAL
SYMBOLS OF Q

They are the real-analytic functionals on the
real diagonal {(z, ⇣ = z)} of D ⇥D

✓Q⌫ (z) := e�zz⇥Q(z, z),

✓Q! (z) := e�@z@z/2 ✓Q⌫ (z, z),

✓Q↵ (z) := e�@z@z/2 ✓Q! (z, z),

where super contractions are applied.

The correspondences ✓Q $ Q are one-to-
one.
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SPECTRAL THEORY

If the antinormal symbol ✓Q↵ is polynomial
and non-negative then Q � 0 and has a unique
self-adjoint Friedrichs extension Fr(Q) in the
Hilbert space F0 = F⇤0.

Furthermore the infimum of the non-negative
spectrum is  ✓

Q
⌫ (0) and � inf ✓Q↵ .

24



QUANTIZED YMM HAMILTONIAN

Let D0 be the complex Hilbert super space
with conjugation, where zb = 2�1/2(a + ie)
are Yang-Mills fields and zf =  are com-
plexified Majorana spinor fields with compact
supports on the unit ball ~x · ~x < r2.

Let T =� so that the non-negative inverse
(1 + T )�1 has the finite trace.

Since YMM Hamiltonian is a continuous poly-
nomial Hg,r on D ⇥ D, it is the anti-normal
symbol of a unique positive operator dHg,r.
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QUANTUM YANG-MILLS-MAJORANA
MASS GAP

THE SPECTRUM OF THE QUANTiZED
YMM HAMILTONIAN dHg,r HAS A POSI-
TIVE MASS GAP � (2g2r)�1.

Thus the mass gap grows to infinity as r ! 0
(asymptotic freedom?).

For strong quark interactions inside a nu-
cleon g, r ⇡ 1 so that the total mass of the 3
constituent quarks is > 3/2 (quarks confine-

ment?).
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MASS GAP ESTIMATE FOR dH1,1

The Weyl symbol ✓
dH1,1
! has a lower bound

zz � 1/2, the Weyl symbol of the number
operator N , plus 3/4. The number operator
has the simple zero fundamental eigenvalue
and the mass gap 1. Then, by a variational
spectral principle, dH1,1 has no eigenvalues
between its (simple) fundamental eigenvalue
and 1+ 3/4.
On the other hand, the constant term 3/2 of

the normal symbol ✓
dH1,1
⌫ is the upper bound

for the fundamental eigenvalue of dH1,1.

27


