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Tomorrow’s Science 

• Why a fractional calculus? 
 new ways of thinking 

 dynamics and fractals  

 

• Fractional dynamics 
 fractional difference equations 

 simple fractional operators 

 fractional rate equation 

 

• Fractional diffusion and probability 
 turbulent diffusion 

 fractional Bloch equation 

 Lévy foraging 

 phase space fractional equations 

 

• Conclusions 

Euclid 
Classical geometry 

Mandelbrot 
Fractal geometry 
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• Fractional thinking is in-between thinking: 

− between integers there are non-integers 

− between integer-order moments there are fractional moments 

− between integer dimensions there are fractal dimensions 

− between integer Fourier series are fractional Fourier transforms 

− between integer-valued operators are fractional-order operators 

 

• This tutorial is on how the fractional calculus provides 

insight into complex dynamic networks. 

            2015 

• Complexity is emphasized, which highlights the inability of traditional analytic 

functions to satisfactorily characterized the rich structure of complex dynamic 

phenomena (networks) in both space and time. 

 

 

2012 
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….A NEW WAY OF THINKING…. 

old 
new 

Why is the fractional calculus entailed by complexity? 
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How pervasive are non-integer phenomena? 

…from integer to non-integer… 
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• Karl Weierstrass (1872): generalized by Mandelbrot (1977) 

 

 

 

 

• Interesting properties 

 

− continuous everywhere 

 

  

− nowhere differentiable 

 

 

− self-similar 

 

 

• What are the dynamic equations for fractal functions? 
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• Richardson at the London Expo, released 10,000 balloons  

with a return address. From the data on where/when the  

balloons landed he constructed Richardson Dispersion Law 

 

 

 

 

• The solution yields the lateral growth of smoke plumes 

 

 

 

• Molecular diffusion has a mean-square displacement 

 

 

 

• Anomalous diffusion was therefore first observed in the study of turbulent fluid flow. 

 

• Perhaps it could be described by a Weierstrass function? 
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Complex Webs: Anticipating the Improbable, B.J. West and P. Grigolini, Cambridge (2011). 

Empirical Power Laws 
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• Physics: constitutive relationships 

 

− Hooks law in ideal solids 

 

 

− Ideal Newtonian fluid 

 

 

− Newton’s law of motion 

 

 

− One model for soft matter 
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Integer-order calculus 
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• Example of Riemann-Liouville fractional derivative; using properties of 

Gamma functions. 

Curious results not consistent with ordinary calculus 

Result obtain by Leibniz in response to question by L’Hopital 

In 1695. 

2003 
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• One way to capture complex dynamics 

 

• Rate equation: 

 

 

 

• Fractional rate equation (FRE): 

 

 

 

 

• Caputo fractional derivative: defined in terms of Laplace transform 
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• Laplace solution to fractional rate equation: 

 

 

 

 

• Inverse Laplace transform: 

 

 

 

• Solution first obtain by Mittag-Leffler in 1903: 
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• Viscoelastic material experiments: generalized stress-strain relations 

• Relaxation function G(t): 

 

 

 

 

 

 

 

 

 

 

 

 

 

• Stress relaxation: fractional MLF smoothly joins two empirical laws 
Glöckle & Nonnenmacher (J. Stat. Phys. 71,1993; Biophys. J. 68, 1995)  
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Kohlrausch-Williams-Watts 

Nutting 
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• A second reason to learn the fractional calculus 

 

• Consider the Caputo fractional derivative of the Generalized Weierstrass  

Function whose Laplace transform is 

 

 

 

 

• No analytic inverse but the inverse Laplace transform does scale 

 

 

 

 

Fractional derivative α of fractal function of dimension µ is another fractal  

function with fractal dimension µ−α; it does not diverge. Fractional calculus 

yields the appropriate dynamics for fractal processes. 
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• Fractional Probability Density 

 

 

• α-stable Lévy distribution 

 

 

• Fractional Turbulence 

 

 

 

 

 

 

• Lévy Foraging (human mobility) 
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Human network                                 Network model 

• Two-state master equation decsion making model (DMM) 

• DMM is member of Ising universality class 

– phase transitions to consensus 

– scaling behavior 

– temporal complexity 

• How does the network dynamics influence individual  

dynamics? 

• Another approach to the fractional calculus 

2014 



Synthesis and Processing of Materials 

17 

Tomorrow’s Science 

      0)1(      )1(1 sgnsnsgns n 

• Subordination models numerical integration of individual opinion s(n) in 

discrete operational time n: 

 

 

 

• This is the time experienced by the individual and for                 is a 

Poisson proces 
 

• The influence of network dynamics on individual in chronological time t 

is (The Organization Man) 

        '''
0 0

dtnstttts
n

t

n 




 Pramukkul, Svenkeson, Grigolini, Bologna & West,  

Advances in Mathematical Physics 2013, Article ID 498789 
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• The waiting-time distribution and survival probability are taken from numerics. 

 

 

 

 

 

 

 

• Solve the subordination equation using Laplace transforms to obtain  

fractional differential equation for average individual opinion: 

 

 

 

• This is the predicted average dynamics of the single element within the  

social network. 

Turalska & West, Chaos, Solitions 

& Fractals 55, 109 (2013) 
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• Solution to FDE is the Mittag-Leffler function 
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Conclusions 
 

• The fractional calculus provides a new perspective 

on complexity. 

 

• It has been used to describe the dynamics of 

turbulent and anomalous diffusion, optimal foraging, 

viscoelastic relaxation, and on and on 
 

• The fractional calculus provides a framework for 

the dynamics of scale-free complex networks. 

 

• The influence of a network on an individual is 

described by a stochastic fractional differential 
equation.  

 
• Network dynamics transforms a Poisson-type 

individual into a Mittag-Leffler-type person 
(the Network Effect). 

 

2011         2014               2016 


