Fuzzy mortality models based on orthonormal expansion of membership functions
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Aim and scope
The new trends in fuzzy analysis are based on the algebraic approach to fuzzy numbers. The essential idea is representing the membership function of a fuzzy number as an

element of any square-integrable function space. Koissi and Shapiro (2006) proposed symmetric triangular membership functions to define fuzzy numbers used in their fuzzy
version of the well-known Lee—Carter mortality model. In our approach a mortality model is proposed based on orthonormal expansions of exponential membership functions.

Let m.,. (%) denote an age-specific crude mortality rate

D,(t)

m,(t) =

N.(t) .

where:
ox —=0,1,...,w,t=1,2,....1T — indices
denoting age groups |x, x + 1) and calendar years,
respectively,
@ D.(t) — number of deaths at age « in year t,

o NN, (t) — midyear population size at age x.

Lee-Carter model LC (Lee, Carter 1992)

In mm(t):aw‘l_bmkt_l_gmt? (2)

under constraints
T W
> k=0, ) b,=1, (3)
t=1 x=0

@ 1M, — crude death rates defined in (1),
@ k; — time parameters indexed by t,
@ a,,b, — age-specific parameters indexed by «,

o &£, — independent random errors, £,.; ~ IN (0, 0'2).

Fuzzy version of the LC model (Koissi, Shapiro 2006)

where:
o Y, = (Inmy, ¢, €, ¢) — symmetric triangular
numbers representing fuzzy log-central death rates,
°o A, = (awv SAm)r B, = (b:m SBw)1
K, = (kt, sg,) — symmetric triangular fuzzy
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Decomposition of a monotonic membership function
Suppose that the membership function p1(z) of a fuzzy

number is strictly monotonic on two disjoint intervals.

We can decompose fi(z) into two parts: strictly increa-
sing and strictly decreasing functions W(z) and ®(z).
Let us consider a membership function of the form

exp{— (C_Z)z} for z < c,

—~

exp{— (2_0)2} for z > c.

| 4

p(z) =

Exponential membership function
‘|et us denote

U(z)=exp{ — for z < c,

Z—Cz (6)

P(z)=exp < — for z > c,
v

then there exist inverse functions W~ '(z) and @ '(z).

Inverse exponential membership functions

fu) =¥ (u)=c + p(u) =c—7(— Inu) >
g(u)=® ' (u)=c + ¢(u) = c+v(—Inu)
and f,g € L?(0,1). Parameters ¢, 7, v are found

(7)

Example cont. Exponential membership functions (5)

adjusted to the relative frequencies of residuals (on the
left ight)

and their inverse functions (7) (on the r

o uals
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The inverse membe oL € ] inverse membership function [(ad. B)
0,25 2,
0,15 1.7
i1z -
0,05 -
0,3 0,4 0,5 0.6 0,7 0.8 X} 1,0 |O7F
-0,05
0.2
-0,15 T T T ——
0,2 D5 e oS 0.6 0.7 0.8 0,9 1.0
0.3
-0,25 -
The inverse membership function [ad. C) The inverse membership function (ad. D¥)
0,3
0,4
0.3
0,0 T y
.0 0.1 0,2 0.3 B 0.6 0.7 0.8 0.9 1.0 0.2
o,a
0,1

-
r T
-0.15 0,10 0.05
( )

using the Nasibov—Peker (2011) approach (see Example).

Example. Log-central mortality rates and fitted regression
lines (on the left) for some «; relative frequencies of
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Expressing the inverse exponential membership functions

{by means of orthonormal expansions in L#(0, 1)

Let us consider inverse exponential membership functions
(7). For an orthonormal set of vectors P; and for any
vector f € L*(0,1) the following expansion holds

We suggest using Legendre's polynomials Fy, ..., P4 in
(8) as a good approximation of f.

Mortality model based on exponential fuzzy numbers
We propose a new mortality model based on (4) as

Yw,tzﬁm—l—bxlzt, r=1,...,w,t=1,...,7, (9)
where:

o f}m,t & R"™ — vector of expansion coefficients of
inverse exponential function (7) with parameters
Cpt = Iy, T = 74y V¥ = 1, Which are
obtained by means of the Nasibov—Peker method,

@ b, — some unknown scalar parameters,

o Aw, Rt & R — vectors of expansion coefficients of
inverse exponential functions (7) with unknown
parameters c=a..,b,.k;, T=74_,TB_,TK, and
V=UV4 ,VB , Vg, respectively, subject to the
weighted least squares estimation.




