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Abstract 
The main purpose of this research is to study the behavior of the universe model in the presence of uniform meta-surface matter and Ricci dark energy in the modified Lyra geometry. The modified Einstein’s field equations for Lyra’s geometry are presented and the exact solutions are obtained for a Big Rip universe. Various physical and geometrical aspects of the universe are also discussed.
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1. Introduction
Many discoveries were found in the Supernova Heritage Survey (SNIa); for example, Hubble Space Gold samples, telescopes, and large structures (LSS), see Refs.( Riess et al., 2004; Eisenstein et al.,2005; Astier et al.,2006). After that time, researchers began to study cosmic models with a variable deceleration factor to explore new theories about cosmic expansion, for example see Ref.(Sahni and Starobinsky, 2000;  Choudhury and Padmanabhan, 2005; Grøn and Hervik, 2007;  Akarsu and Dereli, 2012; Clark and Stephenson, 2016 ; Sahoo et al., 2018; Bakry and Shafeek, 2019). In addition to this, in the past two decades, a large number of studies on models with time-varying cosmological terms have been proposed, for example see Ref.( Chen and Wu, 1990; Pavón, 1991; Arbab and Abdel-Rahman, 1994; Overduin and Cooperstock, 1998; Carneiro and Lima, 2005). The purpose of the previous researches was to generate a model that explained the evolutionary stages of the universe based on modern observations. Cosmologists try to explain the expansion of the universe in two possible ways. The first way is dark energy, and the second way is an improving theory of gravity. Hence, various alternative or modified theories of gravitation as bimetric theory, scalar-tensor theories, vector-tensor theories, Weyl theory (Weyl, 1918;  Sotiriou and Faraoni, 2010),   the theory of gravity (Reddy et al., 2012), Brans Dickey theory (Brans and Dicke, 1961), and Lyra Geometry (Singh and Desikan, 1997; Pradhan et al., 2001; Rahaman et al., 2005), are proposed. Amongst all these alternative theories, we will discuss the Lyra geometry which is a modification of Riemannian geometry (GLyra, 1951), where Riemannian geometry is modified by introducing a gauge function into the structure-less manifold that bears a similar appearance to Weyl geometry. As well known, Lyra’s geometry can be considered as the candidate for modification of the modern cosmological models. In the successive investigations  proposed a new scalar-tensor theory of gravitation and constructed a correlation of Einstein field equations with Lyra’s geometry in the normal gauge function (Sen, 1957; Sen and Dunn, 1971). On the other hand, The dark energy concept was first recollected in quite late 1990s by studying the brightness of distinct supernova explosion stars. In 1998, the High-z Supernovae Research Group (Ia Supernovae) noticed that Type Ia supernovae (Riess et al., 1998). It is recommended that the expansion of the universe is accelerating suggested expanding the universe is accelerating. Recent notes from SNeIa of A high level of confidence confirmed this as well (Tonry  et al., 2003;  Riess et al., 2004; Clocchiatti et al., 2006).  In addition, Cosmic Microwave Background Measurements (CMB) isotropic anisotropy (deBernardis et al., 2000; Hanany  et al., 2000;  Bennett  et al., 2003), large scale structure (LSS) (Spergel et al., 2003; Tegmark et al., 2004a, 2004b), the Sloan Digital Sky Survey (SDSS) (SeljakUroš et al., 2005;  Adelman-McCarthy et al., 2006).
The objective of this paper is to study the hypersurface-homogeneous cosmological model when the universe is filled with matter and a modified holographic Ricci dark energy in Lyra geometry by using the linearly varying deceleration parameter and to compare the results with astronomical observations. In order to crystallize the organization of the current manuscript, the rest of the paper is organizedas follows: Section 2isdevoted to investigatingthe modified Einstein’s field equations in Lyra’s geometry. The fundamental cosmological parameters is illustrated in Section 3. In Section 4, a physical discussion of the Big Rip model is obtained. Finally, the conclusions in Section 5 are tense.

2. The modified Einstein’s field equations inLyra’s geometry
It is to mention that Lyra’s geometry can be considered as a generalization of Riemannian geometry by introducing a gauge function that removes the non-integrability of the length of the parallel transfer characteristic of Weyl’s theory.A scalar-tensor theory of gravitation proposed by Ref.( Sen and Dunn, 1971) based on a Lyra manifold rather than a Riemannian manifold. The results show that this new theory predicts the same effect within the scope of observation in Einstein's theory. The Lyra geometry can be considered as a modification of the Riemann geometry in a similar direction to the Weil geometry (GLyra, 1951). The Einstein field equations in normal gauge, inLyra’s manifold, as obtaine by Sen are (Sen, 1957),

                           ,                                     (1)





where is the displacement vector, is the energy-momentum tensor, is the Ricci tensor,is the metric tensor, we assume that the gravity coupling constant , and the displacement vector is given by

                                     .                                                                    (2)
The energy–momentum tensor for matter and holographic dark energy are defined as (Shaikh et al., 2019) 

                                        ,                                       (3)





whereis the energy densityof matter,is the  dark energyand  is the pressure of the  dark energy, and the fluid-four velocity vector, where .
  In order toanalyzethe modified Einstein’s field equations based on Lyra’s geometry (1),  it is necessary to make some simplifying assumptions, such as choosing a metric with a significant degree of symmetry. Throughout the current paper, one may consider the Robertson-Walker metric with a maximally symmetric spatial section as follows:

                           ,                           (4)


where is the Cosmic scale factor, it measures how much the Universe stretches as a function of time, and the spatial curvature index corresponds to the spatially open, flat and closed Universes, respectively. 
Given this metric and Eqs. (2), (3), we can reduce (1) to the following set of equations

                                                                                         (5)

and                                                                               (6) 

where ‘dot’ denotes a derivative with respect to the cosmic time, and the Hubble's parameter is defined as

                                                     ,                                                                    (7)

The expression of the energy density of dark energy is given by (Chen Jiliang, 2009) ,

                                          ,                                         (8)


whereare the arbitrary dimensionless parameters.When , the energy density of dark energy reduced to the modified Ricci dark energy model (Granda, 2009; Granda and Oliveros, 2009).
FromEqs. (5) and (8), we have the energy density of matter as

                                      .                 (9)
     A record of the perfect fluids that are relevantto the Cosmology submits an equation of state (EoS) parameter of the dark energyin the form

                                                      .                                                           (10)


Evolution of the EoS of dark energy transfer fromin the near past (quintessence region) toat recent stage (phantom region) as specified by various relativists (Sahni and Shtanov, 2003; Alam et al., 2004; Feng Bo et al., 2005; Chang et al., 2006).

Using Eqs.(6), (8) and (10),with  one obtains

                                 .                 (11)
Substituting from Eq.(11) into Eqs.(6) and (9), one gets

                                 ,                                               (12)

                                  .                   (13)
3 Fundamental Cosmological parameters
     At this stage, one may present some fundamental Cosmological parameters that define the kinematics of the Universe, namelythe deceleration parameter,the Hubble parameter, scale factor. These parameters may be defined by the following mathematical equations:
The deceleration parameter is defined as

                                                    .                                                          (14)
Throughout this Section, onegoes to use the linearlyvaryingdeceleration parameter as followes (Akarsu and Dereli, 2012),

                                                ,                                                          (15)

where are constants.






The important information regarding the considered form of deceleration parameter is that, the universe begins with  and end with . The acceleration phase  and stong exponential phase  occurs in and respectively.
Eqs. (14) and (15) lead to the following Hubble parameter and its derevitives

                                               ,                                                       (16)

                                              ,                                                     (17)

                                                .                                     (18)

The scale factor is obtained by integrating the Hubble parameteras in the following (Bakry et al., 2021),

                                              ,                                                   (19)



wherebeing constant of integration and can be taken as a unity. The model of the universe starts with a big bang  atand ends with a big rip at .


In the current paper, one may choose the coefficient value to match the observed kinematics of the Universe; for instance, see Ref.( Feng  et al., 2005) , as follows:, and In what follows, a set of diagrams will be plottedto show the influence of some important physical parameters.
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Fig. 1: the deceleration parameter versus the cosmic time .
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Fig. 2:  the Scale factor versus thecosmic time . The Scale factor diverges at the Big Rip.
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Fig. 3:  the Hubble parameterversus the cosmic time: .

	




The previous figures may be illustrated as follows:














 Fig.1, is the plot of deceleration parameter q versus the cosmic time: . The deceleration parameter started with deceleration at the Big Bang, and then moved to the acceleration, until it eventually reached the strong acceleration at a Big Rip.In Fig. 2, thescale factor started with zero value at the Big Bang and then itdivergedat a Big Rip.TheHubble parameterdiverges at the beginning and end of the universe as shown in Fig. 3.For  , we obtain , which implies the smallest value of the Hubble’s parameter.
4. Physical discussion of theBig Rip model
     In order to study the physical properties of the proposed model, substituting from the Eqs.(16-19) intoEqs.(8, 11-13), one gets  

,    (20)

                           ,                  (21)

                            ,               (22)

.    (23)










Now, to demonstrate how the model matches the observed kinematics of the universe and makes additional predictions, we first plot the cosmological parameters by choosingand, and . In our model the gauge function diverges at the beginning and end of the universe but exhibits different behaviours for spatially closed, flat and open universes. From Fig. 4, one maynoticethat the gauge functionfor the closed universe evolves with smalllestnegtive value at the Big Bang and approaches to zero with the evolution of time, and enters to smalllestnegative value at a Big Rip, while for the open and flat universe evolves with great positive value at the Big Bang and approaches to zero with the evolution of time, and enters to smallest negative value  at a Big Rip.The gauge functionfor  all three models exhibit the same behavior during a Big Rip.In Fig. 5,  profile ofthe energy density matter versus the cosmic time .One may observe that the energy density matter has singularity at the Big Bang and a Big Rip. It has the value for the open  universe, but the flat and closed universe  evolves with a positive value from the beginning to ends.Accordingly, we can accept the flat and closed universe, because they fulfilled a positively condition of energy density.
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Fig. 4:  the gauge function versus the cosmic time: , and the state parameter for closed (black), open (red), and flat (dashed) universe.
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Fig. 5:  the  energy densitymatterversus the cosmic time: and and the state parameter for closed (black), open (red), and flat (dashed) universe









In Fig. 6 we plot the pressure of the dark energyversus cosmic time . The pressure of the dark energyalso diverges at the Big Bang and end of the universe at a Big Rip. It evolves with smalllestnegtive value at the Big Bang and approaches to zero with the evolution of time, and enters to smalllest negativevalue  at a Big Rip.Physical behavior of the pressure of the dark energy fully compatible with dark energy properties.The pressure p >0 in the stiff matter model and  radiation dominated while  in vacuum energy model. It is obvious that, in the dust filled universe.In Fig. 7 we plot the energy densityof dark energyversus cosmic time . The energy density of dark energydiverges at the beginning and end of the universe. Also, satisfies the condition of positivelyenergy.
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Fig. 6:  the pressureof the dark energyversus the cosmic time: , and the state parameter for colsed universe
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Fig. 7:  the  energy densityof dark energyversus the cosmic time: 




The matter density parameter and the  dark energy density parameterare given by 

                ,                                   (24)

                .                   (25)
From Eqs.(24) and (25), the overall density parameter is given by

                        .                                                                                     (26)
Substituting from Eq.(26) into (5), one obtains

                         ,                                                                       (27)
Or in explicit form

        .    (26)





It is observed from Fig.8 the matter density parameterdecrease as the universe expands. At late times, the matter density parametertend to have a small value at a Big Rip.In Fig. 9 we plotthe  dark energy density parameterversus cosmic time .One may observe that the  holographic dark energy density parameterdiverges at the beginning and end of the universe.  In Fig. 10 we plot  the  overall density parameterversus  cosmic time . The overall density exhibits different behaviours for spatially closed, flat and open universes,also converges to the same value atthe very late times of the universe at a Big Rip. From Fig. 10,it can be seen that the total energy density tends to 1 for sufficiently large time. Thus the model predicts a flat universe for large times, as the present-day universe is very close to flat universe Hence, with the observational results the derived model is compatible. Thus at late times, the universe becomes spatially homogeneous, isotropic and flat (Spergel et al, 2007;  Bennett et al., 2013; Hinshaw et al., 2013; Katore  and Shaikh, 2015). 
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Fig. 8:  the matter density parameterversus the cosmic time: and and the state parameter for closed (black), open (red), and flat (dashed) universe
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Fig. 9: the  holographic



dark energy density parameterversus the cosmic time: and and the state parameter 
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Fig. 10: the  overall density parameterversus the cosmic time: and and the state parameter for closed (black), open (red), and flat (dashed) universe



5. Concluding remarks




From the previous analysisof the linearly varying deceleration parameter and the modified holographic Ricci dark energy, we can solve the modified Einstein’s field equations in view of Lyra’s geometry.The solution is analysedfor Big Bang-Big Rip model.The physicalbehaviour of gauge function , energy density matter,  energy density of dark energy  and the pressureof the dark energy are studied.The observations for the Big Bang-Big Rip model discussed in pervous Sections are as follows




The Big Bang-Big Rip model have singularity at and Gyr, and the transition redshift of the accelerating expansion is,,this value corresponds to astronomical observations, see Refs. (Riess  et al., 1998; Cunha and Lima, 2008).




The Hubble’s parameter  starts off with an extremely large value and continues to decrease with time (Shaikh et al., 2017), and enters to the smallest value at and it back to the initial value at( Akarsu and Dereli, 2012).


The transition of universe from the decelerating phase to the accelerating phase takes place at.

The expression of the energy density of dark energy in this article is defined by


, where  the arbitrary dimensionless parametersin all equations.



In view of the positivity of the gauge function in the early times of the universe, one obseve that  in the the flat and open universe, while for colsed universe.In the late universe the gauge function tends to a negative value.


The pressureof the dark energy  inthe flat, open  andcosed universe.

It is worth noting here, fromFig.(6), that the negative pressureof the dark energy accompanies the acceleration of the Universe, which leads to the Dark Energy. This argument would rule out almost all the usual suspects, such as cold dark matter, neutrinos, radiation, and kinetic energy, because they have zero positive pressure.  A Dark Energy with a significant negative pressure will in fact cause the expansion of the Universe to speed up, so the supernova observations provide empirical evidence of a Dark Energy with a strong negative pressure; for instance, see Refs.( Garnavich et al., 1998; CarrollS et al., 2003; Padmanabhan, 2003; Silvestri and Trodden, 2009).


It can be seen that the overall density parameterdiverges at the beginning and end of the universe but exhibits different behaviours for spatially closed, flat and open universes,also converges to the same value atthe very late times of the universe at a Big Rip.
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