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In the present research, dynamic pull-in and pull-out analysis of viscoelastic nanoplate switch under electrostatic
and intermolecular Casimir forces are studied. The Viscoelastic properties of the nanoplate are considered using
Kelvin-Voigt model. Sinusoidal shear deformation theory is utilized for mathematical modeling of the structure
due to its accuracy of polynomial function than other plate theories. The surface effects are considered based
on Gurtin-Murdoch theory to enhance the accuracy of results. Considering size effects based on Eringen's nonlo-
cal theory, motion equations are derived using Hamilton's principle and solved by Galerkin's method. Consider-
ing two boundary conditions of clamped in all edges (CCCC) and clamped in two edges and free in tow another
edges (CCFF), the influences of various parameters such as small scale effect, surface layer, viscoelastic damping
coefficient and applied voltage on the pull-in voltage, pull-in time, pull-in deflection and pull-out voltage are
discussed in details. Numerical results indicate that considering small scale effects, the pull-in time and voltage
as well as pull-out voltage are increased and decreased, respectively, for CCFF and CCCC boundary conditions.
In addition, as the effective gap distance increases, the pull-out voltage tends toward the pull-out voltage. The re-
sults of this investigation canbeused in control and optimumdesign of smart nano-electrical devices in advanced
applications as smart controller.

© 2017 Elsevier Ltd. All rights reserved.
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1. Introduction

Recently electrostatically actuated nanoplates because of their sim-
ple structures are widely used in many Nano-Electro-Mechanical Sys-
tems (NEMS) and Micro-Electro-Mechanical Systems (MEMS) devices,
such as nano-sensors, pressure sensors, nano-actuators and etc. [1–3].

Those systems can bedefined as smart functionwith fewmechanical
components and small voltage levels to work. In general, a nano-switch
is composed of two electrodes that one of them is a ground plane and
another one is movable electrode which they are separated by a dielec-
tric medium. The movable electrode will be deformed by applying volt-
age [4]. When this voltage increases to one critical, it makes collapsing
the nanoplates that called pull-in instability. The critical voltage, time
and deflection related with this instability are named pull-in voltage,
pull-in time and pull-in deflection, respectively [5]. They are very im-
portant parameters to switching the system. At nano-switch systems;
there are some essential phenomena which are not important at
macro scales, such as the effect of gap length between two electrodes
of a switcher [6].

Lately, pull-in behavior of nano-structures [7–11] is studied bymany
researchers. Based on the gap between two electrodes, the
ryamshokravi10@bzte.ac.ir.
intermolecular force “Casimir force” becomes important [12–13]. Batra
et al. [14] studied the vibrations and pull-in instabilities of micro-
electro-mechanical plate incorporating the Casimir force. They derived
the reduced-order model for the transverse deflection of micro-plate.
Lin and Zhao [15] studied the Casimir effect on the pull-in gap and
pull-in voltage of NEMS switches. They also derived dynamic behavior
of nano-scale electrostatic actuators. Jia et al. [16] investigated pull-in
instability of geometrically nonlinearmicro-switches under electrostat-
ic and Casimir forces. They obtained pull-in voltage and pull-in deflec-
tion for micro-switches with four different boundary conditions. Their
results show large deformation at some geometric configurations can
be borne by electro-statically actuated nano-structures [17–20].

Due to the size dependency of the material behaviors, the classical
continuum mechanics is not appropriate in the nano-structures
[21–24] so, the nonlocal elasticity theory is suggested to investigate
the effect of small scale [25–26]. In this regard, Yang et al. [27] proved
the small scale effect on the pull-in instability of nano-switches subject-
ed to the electrostatic force created by the applied voltage and intermo-
lecular force. They applied a linear distributed loadmodel to find closed
form results for cantilever nano-switch by fixed-fixed boundary condi-
tions. They found that in cantilever nano-switches, an increase in the
small scale factor leads to a higher pull-in voltage. Ghorbanpour et al.
[28] investigated the nonlinear nonlocal pull-in instability of boron ni-
tride nano-switches considering the van der Waals (vdW) force under
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direct voltage. They derived the higher-order nonlinear governing
equations based on the principle of virtual work. Using the differential
quadraturemethod (DQM), the effects of small-scale parameter, electric
potential and external forces on the pull-in phenomenon of the boron
nitride nanotubes (BNNTs) are established. Inmany articles, nanoplates
are modeled as viscoelastic plates. Su et al. [29] studied the viscoelastic
properties of graphene oxide nano-plate experimentally. Pull-in analy-
sis of electrically actuated viscoelasticmicro-beams based on amodified
couple stress theory is proposed by Zhang and Fu [30]. They studied on
the instantaneous pull-in voltage, durable pull-in electrostatic and vdW
forces. Their results showwhen the effective gap distance increases, the
pull-out voltage tends toward the electro-statically pull out voltage.

The surface-to-bulk energy ratio increases in nano-scale problems.
On the other hand, surface energy can play a vital function in the pull-
in manners of nano-switches. The influence of surface energy on the
pull-in instability of electrostatic nano-switches based on geometrically
linear deformation was discussed by Maetal [31]. Wang and wang [32]
presented a modified continuummodel for electrically actuated nano-
beams by incorporating surface elasticity. They investigated the effects
of the surface energies on the static and dynamic responses, Pull-in volt-
age and Pull-in time.

After collapsing the structure to the substrate (pull-in instability),
the pull-out problem begins. In this state, due to the vdW or Casimir
force, a new force which is named stiction exists. However, decreasing
the applied voltage, the structure pulls-out from the dielectric when
the elastic restoring force of the beambalanceswith the total of the elec-
trostatic and stiction forces. This maximum value of voltage is the pull-
out voltage. In this regards, there are few works in the literature. Basu
et al. [33] estimated the stiction force from electrical (current–voltage)
measurements on surface micromachined polysilicon cantilever
beams. The effects of stiction forces on the pull-out voltage of electro-
statically actuatedmicrocantilever beamswere theoretically and exper-
imentally investigated by Chakraborty et al. [34]. Recently,
Ghorbanpour et al. [28] reported the pull-out voltage for the BNNT
switches.

Despite ofmentioned researches, dynamic pull-in and pull-out anal-
ysis of viscoelastic nanoplate switch via sinusoidal shear deformation
theory is a novel topic that cannot be found in the literature. Moreover,
nano-switch is subjected to Casimir and electrostatic forces. Small scale
and surface effects are also taken into account. UtilizingHamilton's prin-
ciple, governing equations are obtained and solved by Galerkin's meth-
od. A detailed parametric study is conducted to explain the small scale,
surface layer, viscoelastic damping coefficient and applied voltage on
the behavior of the pull-in voltage, time and deflection as well as pull-
out voltage. The results is hoped to be useful in design and control of
nano-electronic systems for engineering application even medical ap-
plication in nano-surgical machinery.

2. Fundamental relations

2.1. Surface energy in nanoplate

According to the continuumsurface elasticity theory [35] the surface
strain energy in the plate can be expressed as:

Us ¼ 1
2

Z
sþ
ταβεαβds

þ þ 1
2

Z
s−
ταβεαβds

−
; ð1Þ

in whichταβis the in-plane forces in different directions and operate on
the nanoplate between bulk material and elastic surface which can be
expressed as follows [36]:

τsαβ ¼ τsδαβ þ τs þ λs� �
εkkδαβ þ 2 μs−τsð Þεαβ þ τsus

α;β ; ð2Þ

where τs,δαβ and uα are the residual stress under unconstrained condi-
tions, Kronecker delta and the displacement field on the surface,
respectively. Also, λs=Esνs/(1−(νs)2) and μs=Es/(2(1−νs) are the
Lame constants of surface layer where Es and νs are surface Yong's mod-
uli and Poisson's ratio, respectively. It should be noted that the ‘s’ super-
script denotes the surface of the nanoplate.

The stress component σzzis neglected in contrast with the other
components of stress in the applied theory. Nevertheless, this assump-
tion does not satisfy the surface theory. Hence, it is supposed that σzz

satisfies the balance conditions on the upper and lower surfaces which
may be calculated as [36]:

σ zz ¼

∂τsxz
∂x

þ ∂τsyz
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 !
at bottomj

2
z:

ð3Þ

where ρs is the density of the surface and

τsαz ¼ τsus
z;α ; α;β ¼ x; y ð4Þ

2.2. Nonlocal elasticity theory

The Eringen's nonlocal elasticity theory [26] considers the small
scale effect in the continuummodel. According to this theory, the stress
at a reference point depends on all other points of the continuummodel.
The nonlocal equation of stress-strain relations are expressed as:

1− e0að Þ2∇2
� �

σnl ¼ σ l; ð5Þ

whereσl andσnlare the local and nonlocal stress tensor, respectively;∇2-

is the Laplace operator in two dimensional Cartesian coordinates; e0a is
the nonlocal parameter. Considering σzzfrom Eq. (3), the nonlocal
stress-strain relations of the nanoplate are expressed as [37]:

1− e0að Þ2∇2
� � σxx

σyy

τxz
τyz
τxy

2
66664

3
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¼
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C13

C33
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C23

C33
σ zz

0
0
0

2
666666664

3
777777775
; ð6Þ

in which Cij i , j=1,2 ,… ,6 are elastic constants which are in term of
Young's moduli, shear moduli and Poisson's ratio.

2.3. Strain energy based on sinusoidal shear deformation theory

The sinusoidal shear deformation theory considers transverse shear
stress and free transverse shear stress conditions on the top and bottom
surfaces of the plate without the shear correction factor. Based on this
theory, the transverse displacement w and the in-plane displacements
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ux ,vy are given as [38]:

ux x; y; z; tð Þ ¼ −z
∂wb

∂x
− z−

h
π

sin
πz
h

� �
∂ws

∂x
; ð7Þ

vy x; y; z; tð Þ ¼ −z
∂wb

∂y
− z−

h
π

sin
πz
h

� �
∂ws

∂y
; ð8Þ

w x; y; z; tð Þ ¼ wb x; y; tð Þ þws x; y; tð Þ; ð9Þ

where wb and wsare bending and shear components of transverse dis-
placement, respectively; h is the thickness of the nanoplate. However,
the strain-displacement relations can be obtained as follows:

εxx ¼ −z
∂2wb

∂x2
− z−

h
π

sin
πz
h

� �
∂2ws

∂x2
; ð10aÞ

εyy ¼ −z
∂2wb

∂y2
− z−

h
π

sin
πz
h

� �
∂2ws

∂y2
; ð10bÞ

γxy ¼ −2z
∂2wb

∂x∂y
þ 2 z−

h
π

sin
πz
h

� �
∂2ws

∂x∂y
; ð10cÞ

γyz ¼ cos
πz
h
∂ws

∂y
; ð10dÞ

γxz ¼ cos
πz
h
∂ws

∂x
: ð10fÞ

The bulk strain energy of the nanoplate based on the sinusoidal
shear deformation theory can be written as:

Ub ¼
Z
V

σ xεxx þ σyεyy þ σxyγxy þ σ xzγxz þ σyzγyz

� �
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Z
A
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0
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ð11Þ

where the stress resultants in themiddle surface of nanoplate can be de-
fined as:

Mb
i ;M

s
i

� �
¼
Z h

2

−h
2

z; fð Þσ idz; i ¼ xx; yy; xy;

Qi ¼
Z h

2

−h
2

cos
πz
h

� �
σ idz; i ¼ xz; yz:

ð12Þ

where f ¼ −zþ h
π sin πz

h : Therefore, the strain energy of the nanoplate
including the surface and the bulk potential energies can be written as

U ¼ Ub þ Us; ð13Þ

where Uband Usare bulk and surface potential energies, respectively.
2.4. Viscoelastic model

Based on Kelvin-Voigt's model on elastic materials, assuming the
Poisson's ratio to be constant, the elastic constants should be replaced
with Cijð1þ g ∂

∂tÞ where g is the viscoelastic structural damping coeffi-
cient [39].

2.5. External works

2.5.1. Electrostatic force
Fig. 1(a) shows the schematic diagram of nano-switch consists of

two components that one of them is fixed and the other is movable.
They are separated by a dielectric spacer with an initial gap g0. a,b
andh are the length, width and thickness of the nanoplate, respec-
tively. Two type of boundary conditions namely as CCCC and CCFF
are considered which are shown in Fig. 1(b).

By applying voltage v, two forces of electrostatic force Fe and inter-
molecular Casimir forceFc are produced that makes the nanoplate de-
flects toward the fixed electrode. The electrostatic force per unit
length can be written as [28]:

Fe ¼ ε0bv
2

2 g0−wð Þ2
1þ 0:65

g0−w
b

� �
; ð14Þ

in which ε0=8.854×10−12F/m is the permittivity of vacuum; vis the
DC voltage that applied between the nanoplate and stationary elec-
trode; g0 is the initial gap between the nanoplate and infinite ground
plane.

2.5.2. Casimir force
The dielectric spacer is assumed to be larger than 20 nm to calculate

the inter molecular forces between two components by the Casimir
force as [28]:

Fc ¼ π2ћcb
240 g0−wð Þ4

; ð15Þ

where c=3×108m/s is the speed of light, ћ=1.055×10−34 J ⋅s is the
Planck's constant divided by 2π. Consequently, the external work due
to the intermolecular and electrostatic can be are written as:

V ¼ 1
2

Z
A
Fe þ Fcð ÞdA: ð16Þ

2.6. Kinetic energy

The total kinetic energy surface and bulk of the nanoplate is:

K ¼ 1
2

Z
V

_ux
2 þ _vy

2 þ _w2
� �

ρdV ; ð17Þ

in this equation dot superscript denotes the differentiationwith respect
to the time variable and ρ is the mass density of the nanoplate.
3. Solution method

3.1. Galerkin's method

In this study, Galerkin's method is utilized to solve the system of motion equations. The first mode of dynamic deflection of the nano-switch is
assumed as [40]:

wb x; y; tð Þ;ws x; y; tð Þ½ � ¼ w0 x; yð Þ ub tð Þ;us tð Þ½ �;
w0 x; yð Þ ¼ φ xð Þψ yð Þ; ð18Þ
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whereφ(x) andψ(y) are normalized eigen functions inwhich satisfied all of the boundary conditions;u(t) is an unknown time-dependent deflection
parameter of the nanoplate. For example φ(x) and ψ(y) can be assumed as [41]:

φ xð Þ ¼ cos βxð Þ− cosh βxð Þð Þ− cos βað Þ þ cosh βað Þ
sin βað Þ þ sinh βað Þ sin βxð Þ− sinh βxð Þð Þ; β ¼ 1:8751;

ψ yð Þ ¼ cos μyð Þ− cosh μyð Þð Þ− cos μað Þ− cosh μað Þ
sin μað Þ− sinh μað Þ sin μyð Þ− sinh μyð Þð Þ; μ ¼ 4:7300:

ð19Þ

Eq. (19) is the first eigen function of a CCFF nanoplate.

3.2. Motion equations

Based on Hamilton's principle, the variational form of motion equations can be expressed by [21]:

Z T

01
δU þ δV−δK½ �dt ¼ 0: ð20Þ

Substituting Eqs. (13), (16) and (17) into Eq. (20), motion equations are obtained. Following parameters are defined to change themotion equa-
tions in a dimensionless form:

k1 ¼ ε0v2

2E1g20
; μs ¼

μs

E1h
; τs ¼ τs

E1h
; λs ¼ λs

E1h
;

gv ¼
g
a2

ffiffiffiffiffiffiffiffiffiffi
E1h

2

ρ

s
; k2 ¼ π2cћ

240E1g40
; ρs ¼

ρs

ρa
; g0 ¼ g0

h
;

β ¼ E2
E1

; τ ¼ t
a

ffiffiffiffiffi
E1
ρ

s
; Γ ¼ h

a
; Y ¼ y

a
;

X ¼ x
a
; γ ¼ a

b
; Wb ¼ wb

h
; Ws ¼ ws

h
; μ ¼ e0að Þ2

a2
; V ¼ va2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ε0

g30Eh
3

s
:

ð21Þ
Fig. 1. (a) Schematic of an electrostatically actuated nanoplate with surface layers, (b) boundary conditions.
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Therefore, the non-dimensional form of motion equations by collecting the coefficients of δwb and δws can be written as:

δwi :

Dxbi
∂4Wb

∂X4 þ Dxsi
∂4Ws

∂X4 þ Dxybi
∂4Wb

∂X2∂Y2 þ Dxysi
∂4Ws

∂X2∂Y2 þ Dybi
∂4Wb

∂Y4 þ Dysi
∂4Ws

∂Y4

( )
u τð Þþ

Dxbgigv
∂4Wb

∂X4 þ Dxsgigv
∂4Ws

∂X4 þ Dxybgigv
∂4Wb

∂X2∂Y2 þ

Dxysgigv
∂4Ws

∂X2∂Y2 þ Dybgigv
∂4Wb

∂Y4 þ Dysgigv
∂4Ws

∂Y4

8>>><
>>>:

9>>>=
>>>;

_u τð Þþ

I0 þ Ixbi
∂2Wb

∂X2 þ Ixsi
∂2Ws

∂X2 þ Iybi
∂2Wb
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∂2Ws

∂Y2

I2bi
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∂X4 þ I2si
∂4Ws

∂X4 þ I3bi
∂4Wb

∂X2∂Y2 þ I3si
∂4Ws

∂X2∂Y2 þ

I4bi
∂4Wb

∂Y4 þ I4si
∂4Ws

∂Y4

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;
€u τð Þ ¼ Qi;

i ¼ b; s

ð22Þ

where Qi is expressed as:

Qi ¼ k2 þ 1þ 0:65g0ð Þk1 þ 4k2 þ 2þ 0:65g0ð Þk1ð Þu τð Þ
g0

Wb þWsð Þ

10k2 þ 3þ 0:65g0ð Þk1ð Þu
2 τð Þ
g0

2 Wb þWsð Þ2−

λ2

4k2 þ 2þ 0:65g0ð Þk1ð Þu τð Þ
g0

∂2Wb

∂X2 þ ∂2Wb

∂Y2

 !
þ ∂2Ws

∂X2 þ ∂2Ws

∂Y2

 ! !

10k2 þ 3þ 0:65g0ð Þk1ð Þu
2 τð Þ
g0

2

2
∂Wb

∂X

� �2

þ 2Wb
∂2Wb

∂X2 þ 2
∂Wb

∂Y

� �2

þ 2Wb
∂2Wb

∂Y2

 !
þ

2
∂Ws

∂X

� �2

þ 2Ws
∂2Ws

∂X2 þ 2
∂Ws

∂Y

� �2

þ 2Ws
∂2Ws

∂Y2

 !
þ

2 Wb
∂2Ws

∂X2 þ ∂2Ws

∂Y2

 !
þWs

∂2Wb

∂X2 þ ∂2Wb

∂Y2

 ! !

0
BBBBBBBBB@

1
CCCCCCCCCA

2
6666666666666664

3
7777777777777775

:

ð23Þ

It is worth to mention that for the sake of brevity, the special parameters such as Dxbi, Dxbgi, Dxybi, Dxybgi and dimensionless moment of inertia are
given in Appendix A.

Substituting Eq. (23) into Eq. (22), multiplying the weight functionsW(X,Y), and double integrating it over the interval of 0 and 1, the Galerkin's
procedure leads to the following two nonlinear time dependent second-order ordinary differential equation for Ws andWb as follows:

Kbb Kbs
Ksb Kss


 �
ub
us


 �
þ Cbb Cbs

Csb Css


 �
_ub
_us

� 

þ Mbb Mbs

Msb Mss


 �
€ub
€us

� 

¼f b
f s

� 

þ K2;bb K2;bs

K2;sb K2;ss


 �
u2
b

u2
s

� 

þ K3;bb K3;bs

K3;sb K3;ss


 �
u3
b

u3
s

� 

; ð24Þ

where fi can be written as:

f i ¼
Z1
0

Z1
0

Fi �W X;Yð ÞdXdY;

i ¼ b; sð Þ;
ð25Þ

where K, M and C are stiffness, mass and damping coefficients, respectively, which are defined as:

Kbi ¼
Z1
0

Z1
0

Dxbi þ Dxsið Þ ∂
4Wi X;Yð Þ

∂X4 þ Dybi þ Dysi
� � ∂4Wi X;Yð Þ

∂Y4 þ Dxybi þ Dxysi
� � ∂4Wi X;Yð Þ

∂X2∂Y2

 !
W X; Yð ÞdYdX;

Ksi ¼
Z1
0

Z1
0

Dxbi þ Dxsið Þ ∂
4Wi X; Yð Þ

∂X4 þ Dybi þ Dysi
� � ∂4Wi X; Yð Þ

∂Y4 þ Dxybi þ Dxysi
� � ∂4Wi X;Yð Þ

∂X2∂Y2

 !
W X; Yð ÞdYdX;

ð26Þ

K2;mn ¼
Z1
0

Z1
0

1− e0að Þ2∇2
� �

W X;Yð Þ2W X; Yð ÞdYdX;

K3;mn ¼
Z1
0

Z1
0

1− λð Þ2∇2
� �

W X;Yð Þ3W X; Yð ÞdYdY;

mn ¼ b; sð Þ;

ð27Þ
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Mbi ¼
Z1
0

Z1
0

I0W X;Yð Þ þ Ixbi þ Ixsi
� � ∂2W X;Yð Þ

∂X2 þ Iybi þ Iysi
� � ∂2W X; Yð Þ

∂Y2 þ
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� � ∂4W X;Yð Þ

∂X4 þ I3bi þ I3si
� � ∂4W X; Yð Þ

∂X2∂Y2 þ I4bi þ I4si
� � ∂4W X; Yð Þ

∂Y4

0
BBB@

1
CCCAW X; Yð ÞdYdX;

Msi ¼
Z1
0

Z1
0

I0W X; Yð Þ þ Ixbi þ Ixsi
� � ∂2W X;Yð Þ

∂X2 þ Iybi þ Iysi
� � ∂2W X;Yð Þ

∂Y2 þ

I2bi þ I2si
� � ∂4W X;Yð Þ

∂X4 þ I3bi þ I3si
� � ∂4W X;Yð Þ

∂X2∂Y2 þ I4bi þ I4si
� � ∂4W X;Yð Þ

∂Y4

0
BBB@

1
CCCAW X;Yð ÞdYdX;

i ¼ b; sð ÞÞ

ð28Þ

Cbi ¼
Z1
0

Z1
0

Dxbgi þ Dxsgi
� � ∂4W X;Yð Þ

∂X4 þ Dybgi þ Dysgi
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Considering definite initial condition, Eq. (24) is solved byMatlab software numerically. It should be noted that boundary conditions on each edge
of movable electrode are the combination of clamped (C) and free (F) edges. In the following section, the effect of various parameters on CCCC and
CCFF nanoplate are discussed in detail.
4. Results and discussion

In this work, the viscoelastic nanoplate is considered as a nano-
switch and the dynamic pull-in and pull-out analysis of it, is studied
under electrostatic and intermolecular Casimir forces. Using sinusoidal
shear deformation theory, various parameters such as nonlocal param-
eter, surface layer, viscoelastic damping and applied voltage on the pull-
in voltage, time and deflection as well as pull-out voltage of nanoplate
are discussed. For this purpose, a silicon nanoplate with length to thick-
ness ratio of a/h= 10 and length to width ratio of a/b= 2 is selected by
the elastic and surface material properties listed in Table 1.

4.1. Validation

As regards validation of our obtained results, Table 2 compares the
present results neglecting transverse shear deformation and surface ef-
fects with numerical and experimental results of Mousavi et al. [42]

using DQM. This comparison is done in Pull-in parameter of β ¼ ε0bV
2a4

2g3EI

applying the intermolecular forces and considering the small scale ef-
fects. It can be observed that the present results have the excellent
agreement with the numerical results reported by Mousavi et al. [42],
indicating validation of this work.

4.2. Pull-in voltage

Fig. 2(a) and (b) present the effect of dimensionless viscoelastic
damping coefficient (gv) and dimensionless nonlocal parameter (μ) on
Table 1
Elastic properties of the silicon nanoplate [36].

Bulk material properties Surface material properties

E=210 GPa Es=−10.036 N/m
ν=0.24 νs=0
ρ=2331 Kg/m3 ρs=3.17×10−7 Kg/m2

τs=5.60 N/m

Table 2

Compression of dimensionless pull-in parameter β ¼ ε0bV
2L4

2g3EI with different nonlocal

parameters.

Method μ = 0 μ = 0.1 μ = 0.2 μ = 0.3

Present work (Galerkin) 49.17 46.21 38.75 31.15
Mousavi et al. (DQM) [42] 51.81 49.84 41.47 32.81

Fig. 2. a. Effects of structural damping and nonlocal parameters on the pull-in voltage for
CCFF nanoplate. b. Effects of structural damping and nonlocal parameters on the pull-in
voltage for CCCC nanoplate.
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the graph of dimensionless maximum deflection versus the dimension-
less applied voltage (V) for CCFF and CCCC nanoplates, respectively.
When the applied voltage increases beyond a critical value, called
pull-in voltage, the elastic force can no longer resist the electrostatic
force, thereby leading to collapse of the nanoplate. In this state, the dis-
placement increases sharply and hence the pull-in displacementwill be
occurred. As can be seen, considering the structural damping effects
leads to higher deflection and pull-in voltage for the both cases of
CCFF and CCCC nanoplates.

It can be seen from Fig. 2(a) that the nonlocal parameter increases
the pull-in voltage and decreases the pull-in deflection. However, it
can be concluded that considering small scale effectsmakes the structure
stiffer and delays its pull-in instability. This phenomenon is converse for
the CCCC nanoplate as shown in Fig. 2(b) where with considering the
nonlocal parameter, the pull-in voltage decreases and the pull-in deflec-
tion increase. So, in the CCCC nanoplate, increasing the nonlocal param-
eter leads to softer structure. Comparing the pull-in voltage and
deflection of the CCFF and CCCC nanoplates, it can be found that because
of such strong fixed end boundary condition of CCCC nanoplate, the
structure collapse in the higher voltages than the CCFF nanoplate.

Fig. 3(a) and (b) illustrate the effects of Casmir force and nonlocal
parameter on the dimensionless pull-in voltage and deflection for the
Fig. 3. a. Effects of Casimir force and nonlocal parameter on the pull-in voltage for CCFF
nanoplate. b. Effects of Casimir force and nonlocal parameter on the pull-in voltage for
CCCC nanoplate.
CCCFF and CCCC nanoplates, respectively. As shown in both figures,
Casimir force plays an important role in the instability of the structure.
It is observed that the pull-in deflection and pull-in voltage of the nano-
switche are increased and decreased, respectively considering the
Casimir force. It is due to the fact that the Casimir force is related to
the inverse fourth power of the separation gapwhich leads to act higher
force on the nanoplate. Hence, the structure subjected to Casimir force
collapses at lower voltages.With respect to the effect of the nonlocal pa-
rameter on the pull-in instability of the structure, it can be seen that
considering size-effects leads to higher and lower pull-in voltage for
the CCFF and CCCC nanoplates, respectively. Noted thatmentioned phe-
nomenon is converse for the pull-in deflection of the nano-switche.

Surface stress effects of the nanoplate are shown in Fig. 4(a) and (b)
on the dimensionless pull-in voltage and deflection of the nano-switche
for the CCFF and CCCC nanoplates, respectively. The difference between
curveswith surface effect andwithout it demonstrates that by consider-
ing the surface stress effects, the structure collapses at higher voltages.
In other words, considering surface stress effects leads to higher bend-
ing stiffness and consequently decreases in the deflection of the struc-
ture. Overall, it is evident that instability of nanoplate with CCCC
boundary condition is occurred at higher voltages with respect to the
nanoplate with CCFF boundary condition.
Fig. 4. a. Effects of surface stress on the pull-in voltage for CCFF nanoplate. b. Effects of
surface stress on the pull-in voltage for CCCC nanoplate.



Fig. 5. a. Effects of fringing fields on the pull-in time for CCFF nanoplate. b. Effects of
fringing fields on the pull-in time for CCCC nanoplate.

Fig. 6. a. Effects of nonlocal parameter on the pull-in time for CCFF nanoplate. b. Effects of
nonlocal parameter on the pull-in time for CCCC nanoplate.
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4.3. Pull-in time

When the pull-in phenomenon occurs, the pull-in delay time is an-
other parameter we should concern about. Fig. 5(a) and (b) present
the effect of fringing field on the history curves of the maximum trans-
verse displacement for the CCFF and CCCC nanoplates, respectively. It

should be noted that the second term of Eq. (14), ð0:65Þ ε0v2
2ðg0−wÞ, is fring-

ing field force and as can be seen from these figures has great effect on
the pull-in phenomenon of the nano-switche. As shown in Fig. 5(a) and
(b), fringing field effect decreases the pull-in delay time and slightly in-
creases the pull-in deflection. Furthermore, due to the more stiffness of
the nanoplate with CCCC boundary condition, the pull-in delay time of
the nano-switche is later than the nanoplate with CCFF boundary
condition.

Fig. 6(a) and (b) demonstrate the effect of dimensionless nonlocal
parameter on the pull-in delay time of the nano-switche, respectively
for the CCFF and CCCC boundary conditions. These figures indicate
that the nonlocal parameter has a dramatic effect on the pull-in instabil-
ity of the structure. It is obvious that increasing nonlocal parameterswill
shorten the pull-in delay time for the CCCC nanoplate. For the CCFF
nanoplate, the pull-in delay time is increases with increasing nonlocal
parameters. In addition, the nano-switche with CCCC boundary
condition will collapse later with respect to the nano-switche with
CCFF one. This is physically reasonable since the structure with CCCC
boundary condition has higher stiffness.

The higher order shear effect on the pull-in delay time of the CCFF
and CCCC nano-switche is shown in Fig. 7(a) and (b), respectively. It
can be seen that considering shear effects has an important effect on
the pull-in behavior of the structure. However, considering shear effects
leads to a system with more degree of freedom and consequently, the
deflection of the nano-switche increases and the pull-in delay time de-
creases. The aforementioned phenomenon is the same for both bound-
ary conditions of CCFF and CCCC.

4.4. Pull-out voltage

Pull-out problem begins after the structure collapses to the sub-
strate. In this state, a new force namely as stiction force is existed
which is due to the Casimir force in this work. So reducing applied volt-
age, nanoplate pull-out from dielectric when the elastic restoring force
of nanoplate balances with the total of electrostatic and stiction forces.
Fig. 8(a) and (b) present the effects of nonlocal parameter and surface
stress on the curves of dimensionless pull-out voltage as a function of



Fig. 7. a. Effects of higher order shear on the pull-in time for CCFF nanoplate. b. Effects of
higher order shear on the pull-in time for CCCC nanoplate.

Fig. 8. a. Effects of nonlocal parameter and surface stress on the pull-out voltage for CCFF
nanoplate. b. Effects of nonlocal parameter and surface stress on the pull-out voltage for
CCCC nanoplate.
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contact gap (g0) for the CCFF and CCCC nanoplates, respectively. It can
be found that the pull-out voltage sharply falls to zero at a special con-
tact gap which is very important in design of nano-switche. For exam-
ple, in the case of considering surface effect and μ=0.5 for the CCFF
and CCCC nanoplates, the contact gaps related to the pull-out voltage
are 4.985 nm and 3.046 nm, respectively. This physically means that,
for the present nano-switche, if the contact gap becomes less than
4.985 nm and 3.046 nm, respectively for the CCFF and CCCC nanoplates,
there is considerable probability that the nanoplate may not release at
all. However, it is assumed the contact gap equal to 7 nm for the CCFF
nano-switche and 4 nm for the CCCC ones. In addition, considering sur-
face effects makes the structure stiffer and consequently, the pull-out
voltage of the nano-switche increases and the related contact gap is de-
creased. It is also observed that increasing the nonlocal parameter, the
pull-out voltage and the corresponding contact gap are increased and
decreased, respectively for the CCFF nanoplate while the mentioned
phenomenon is converse for the CCCC nanoplate.

In order to show the effect of the stiction force on the pull-out volt-
age of the structure, Fig. 9(a) and (b) are plotted, respectively for the
CCFF and CCCC nano-switche. It is obtained that the pull-out voltage
of the CCFF and CCCC nanoplates is 0.2701 V and 2.286 V, respectively
without considering stiction force. These values are obtained from con-
sideration of the electrostatic force only and thus determine the upper
boundary of the pull-out voltage. However, considering the stiction
force leads to decrease in the pull-out voltage of the nano-switch.
Noted that this result is the same as that reported by Chakraborty
et al. [34], indicating validation of this study.
5. Conclusion

In this study, dynamic pull-in and pull-out behaviors of a viscoelastic
nano-switch was carried out based on sinusoidal shear deformation
theory. Nano-switch was made of silicon and subjected to Casimir and
electrostatic forces. Using Eringen's nonlocal elasticity theory, the effect
of small scale was taken into account. Based on energy method, motion
equations were obtained and solved using Galerkin's method consider-
ing surface stress effects based on Gurtin-Murdoch theory. The influ-
ences of different parameters such as nonlocal parameter, surface
layer, structural damping and applied voltage on the pull-in voltage,
pull-in time, pull-in deflection and pull-out voltage were studied. The
results can be used in design of nano-electromechanical systems such



Fig. 9. a. Effects of stiction force on the pull-out voltage for CCFF nanoplate. b. Effects of
stiction force on the pull-out voltage for CCCC nanoplate.
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as nano-switch, nano-sensors and nano-actuators. The most important
conclusions of this work are:

1. In the presence of Casimir force as absorbing tensile forces, the insta-
bility happens in the lower pull-in voltages.

2. The pull-in voltage and time as well as pull-out voltage of nano-
switch with CCCC boundary condition were occurred in higher volt-
age and time than CCFF boundary condition.

3. Considering the structural damping effects leads to higher deflection
and pull-in voltage for the both cases of CCFF and CCCC nanoplates.

4. With considering the size effects, the pull-in voltage, pull-in time and
pull-out voltage decrease for CCCC nanoplate and increase for CCFF
ones.

5. Considering the surface stress effects, the structure collapses and
pull-out at higher voltages.

6. Fringing field effect decreases the pull-in delay time and slightly in-
creases the pull-in deflection.

7. In the case of considering surface effect and μ=0.5 for the CCFF and
CCCC nanoplates, the contact gaps related to the pull-out voltage are
4.985 nm and 3.046 nm, respectively.

8. Considering the stiction force leads to decrease in the pull-out volt-
age of the nano-switch.
Appendix A

Dxbs ¼
1
12

−
2
π3

� �
Γ4

1−ν21ν12

 !
þ 2μs þ λs� �

Γ4
 !

;

Dxss ¼ 1
12

−
4
π3 þ

1
2π2

� �
Γ4

1−ν21ν12

 !
þ 2μs þ λs� �

Γ4
 !

;

ðA1Þ

Dxbgs ¼
1
12

−
2
π3

� �
Γ3

1−ν21ν12

 !
;

Dxsgs ¼ 1
12

−
4
π3 þ

1
2π2

� �
Γ3

1−ν21ν12

 !
;

ðA2Þ

Dxybs ¼
1
12

−
2
π3

� �
ν12Γ

4γ2β
1−ν21ν12

þ ν21Γ
4γ2

1−ν21ν12

 !
þ Γ4γ2

1þ ν12

1
6
−

4
π3

� �
þ 2μs−τsð ÞΓ4γ2

 !
;

Dxyss ¼
1
12

−
4
π3 þ

1
2π2

� �
ν12Γ4γ2β
1−ν21ν12

þ ν21Γ4γ2

1−ν21ν12

 !
þ Γ4γ2

1þ ν12

1
6
−

7
π3

� �
þ

2μs−τsð ÞΓ4γ2

0
B@

1
CA;

ðA3Þ

Dxybgs ¼
1
12

−
2
π3

� �
ν12Γ

3γ2β
1−ν21ν12

þ ν21Γ
3γ2

1−ν21ν12

 !
þ Γ3γ2

1þ ν12

1
6
−

4
π3

� � !
;

Dxysgs ¼ 1
12

−
4
π3 þ

1
2π2

� �
ν12Γ3γ2β
1−ν21ν12

þ ν21Γ3γ2

1−ν21ν12

 !
þ Γ3γ2

1þ ν12

1
6
−

7
π3

� � !
;

ðA4Þ

Dybs ¼
1
12

−
2
π3

� �
Γ4γ4β

1−ν21ν12

 !
þ 2μs þ λs� �

Γ4γ4

 !
;

Dyss ¼ 1
12

−
4
π3 þ

1
2π2

� �
Γ4γ4β

1−ν21ν12

 !
þ 2μs þ λs� �

Γ4γ4

 !
;

ðA5Þ

Dygbs ¼
1
12

−
2
π3

� �
Γ3γ4β

1−ν21ν12

 !
;

Dygss ¼ 1
12

−
4
π3 þ

1
2π2

� �
Γ3γ4β

1−ν21ν12

 ! !
;

ðA6Þ

Dxbb ¼ 1
12

� �
Γ4

1−ν21ν12

 !
þ 2μs þ λs� �

Γ4
 !

;

Dxsb ¼
1
12

−
2
π3

� �
Γ4

1−ν21ν12

 !
þ 2μs þ λs� �

Γ4
 !

;

ðA7Þ

Dxybb ¼
1
12

� �
ν12Γ4γ2β
1−ν21ν12

þ ν21Γ4γ2

1−ν21ν12

 !
þ 2μs−τsð ÞΓ4γ2

 !
þ

Γ4γ2

6 1þ ν12ð Þ

0
BBB@

1
CCCA

Dxysb ¼
1
12

−
2
π3

� �
ν12Γ4γ2β
1−ν21ν12

þ ν21Γ4γ2

1−ν21ν12

 !
þ Γ4γ2

1þ ν12ð Þ
1
6
−

4
π3

� �
þ

2μs−τsð ÞΓ4γ2

0
B@

1
CA;

ðA8Þ

Dybb ¼ 1
12

� �
Γ4γ4β

1−ν21ν12

 !
þ 2μs þ λs� �

Γ4γ4

 !
;

Dysb ¼
1
12

−
2
π3

� �
Γ4γ4β

1−ν21ν12

 !
þ 2μs þ λs� �

Γ4γ4

 !
;

ðA9Þ

Dxbgb ¼
1
12

� �
Γ3

1−ν21ν12

 ! !
;

Dxsgb ¼ 1
12

−
2
π3

� �
Γ3

1−ν21ν12

 !
;

ðA10Þ



27M. Shokravi / Microelectronics Reliability 71 (2017) 17–28
Dxybgb ¼
1
12

� �
ν12Γ

3γ2β
1−ν21ν12

þ ν21Γ
3γ2

1−ν21ν12

 ! !
þ

Γ3γ2

6 1þ ν12ð Þ

0
BBB@

1
CCCA;

Dxysgb ¼
1
12

−
2
π3

� �
ν12Γ4γ2β
1−ν21ν12

þ ν21Γ4γ2

1−ν21ν12

 !
þ Γ4γ2

1þ ν12ð Þ
1
6
−

4
π3

� � !
;

ðA11Þ

Dybgb ¼ 1
12

� �
Γ3γ4β

1−ν21ν12

 ! !

Dysgb ¼ 1
12

−
2
π3

� �
Γ3γ4β

1−ν21ν12

 !
;

ðA12Þ

Io ¼ 2ρsΓþ Γ2
� �

; ðA13Þ

I3bs ¼
1
12

−
2
π3

� �
λ2Γ4 1þ γ2� �

;

I3ss ¼ 1
12

−
4
π3 þ

1
2π2

� �
λ2Γ4 1þ γ2� �

;

ðA14Þ

Ixbs ¼ −
1
12

−
2
π3

� �
Γ4−2ρsλ2Γ−λ2Γ2

� �
;

Ixss ¼ − Γ4
1
12

−
4
π3 þ

1
2π2

� �
þ 2ρsλ2Γþ λ2Γ2

� �
;

ðA15Þ

I2bs ¼
1
12

−
2
π3

� �
λ2Γ4;

I2ss ¼ 1
12

−
4
π3 þ

1
2π2

� �
λ2Γ4;

ðA16Þ

Iybs ¼ −
1
12

−
2
π3

� �
Γ4γ2−λ2Γ2γ2−2ρsΓγ2λ2

� �
;

Iyss ¼ −
1
12

−
4
π3 þ

1
2π2

� �
Γ4γ2−λ2Γ2γ2−2ρsΓγ2λ2

� �
;

ðA17Þ

I4bs ¼
1
12

−
2
π3

� �
λ2Γ4γ2;

I4ss ¼ 1
12

−
4
π3 þ

1
2π2

� �
λ2Γ4γ2;

ðA18Þ

Ixbb ¼ − Γ4
1
12

� �
þ 2ρsλ2Γ

� �
;

Ixsb ¼ −
1
12

−
2
π3

� �
Γ4−2ρsλ2Γ

� �
;

ðA19Þ

I2bb ¼ 1
12

� �
λ2Γ4;

I2sb ¼
1
12

−
2
π3

� �
λ2Γ4;

ðA20Þ

I3bb ¼ 1
12

� �
λ2Γ4 1þ γ2� �

;

I3sb ¼
1
12

−
2
π3

� �
λ2Γ4 1þ γ2� �

;

ðA21Þ

Iybb ¼ −
1
12

� �
Γ4γ2−λ2Γ2γ2−2ρsΓλ2

� �
;

Iysb ¼ −
1
12

−
2
π3

� �
Γ4γ2−λ2Γ2γ2−2ρsΓλ2

� �
;

ðA22Þ

I4bb ¼ 1
12

� �
λ2Γ4γ2;

I4sb ¼
1
12

−
2
π3

� �
λ2Γ4γ2;

ðA23Þ
References

[1] H.C. Nathanson, W.E. Newell, R.A. Wickstrom, J.R. Davis, The resonant gate transis-
tor, IEEE Trans. Electron Devices 117 (1967) 133.

[2] H.A.C. Tilmans, R. Legtenberg, Electrostatically driven vacuum-encapsulated
polysilicon resonators part II. Theory and performance, Sensors Actuators A
(1994) 67–84.

[3] P.M. Osterberg, S.D. Senturia, M-TEST: a test chip for MEMS material property mea-
surement using electrostatically actuated test structures, J. Microelectromech. Syst.
(1997) 107–118.

[4] G. Li, N.R. Alura, A Lagrangian approach for quantum-mechanical electrostatic anal-
ysis of deformable silicon nanostructures, Eng. Bound. Elem. (2006) 925–932.

[5] S.K. Lamoreaux, The Casimir force: background, experiments, and applications, Rep.
Prog. Phys. (2005) 201–236.

[6] M. Dequesnes, S.V. Rotkin, N.R. Aluru, Calculation of pull-involtages for
carbonnanotube-based nanoelectromechanical switches, Nanotechnology (2002)
120–131.

[7] M. Janghorban, Static and free vibration analysis of carbon nano-wires based on Ti-
moshenko beam theory using differential quadrature method, Lat. Am. J. Solids
Struct. (2011) 463–472.

[8] J.G. Guo, Y.P. Zhao, Dynamic stability of electrostatic torsional actuators with van der
Waals effect, Int. J. Solids Struct. (2006) 675–685.

[9] Y. Chan, N. Thamwattana, J.M. Hill, Axial buckling of multiwalled carbon nanotubes
and nanopeapods, Eur. J. Mech. A. Solids (2011) 794–806.

[10] A. Koochi, A. Noghrehabadi, M. Abadyan, Approximating the effect of van der Waals
force on the instability of electrostatic nano-cantilevers, Int. J. Mod. Phys. B (2011)
3965–3976.

[11] KoochiA SoroushR, A.S. Kazemi, M. Abadyan, Modeling the effect of van der Waals
attraction on the instability cantilever and doubly- of electrostatic supported
nano-beams using modified adomian method, Int. J. Struct. Stab. Dyn. (2012)
1250036–1250046.

[12] A. Ramezani, A. Alasty, J. Akbari, Closed-formsolutions of the pull-in n instability in
nano-cantilevers under electrostatic and intermolecular surface forces, Int. J. Solids
Struct. (2007) 4925–4941.

[13] N. Taghavi, H. Nahvi, Pull-in instability of cantilever and fixedefixed nano-switches,
Eur. J. Mech. A. Solids (2013) 123–133.

[14] R.C. Batra, M. Porfiri, D. Spinello, Vibrations and pull-in instabilities of
microelectromechanical von Karman elliptic plates incorporating the Casimir
force, J. Sound Vib. 315 (2008) 939–960.

[15] W.H. Lin, Y.P. Zhao, Dynamic behavior of nanoscale electrostatic actuators, Chin.
Phys. Lett. 20 (2003) 2070–2073.

[16] L.J. Xiao, J. Yang, S. Kitipornchai, Pull-in instability of geometrically nonlinear
micro-switches under electrostatic and Casimir forces, Acta Mech. 218 (2011)
161–174.

[17] E.M. Abdel Rahman, M.I. Younis, A.H. Nayfeh, Characterization of themechanical be-
havior of an electrically actuated microbeam, J. Micromech. Microeng. (2002)
759–766.

[18] J.H. Kuang, C.J. Chen, Dynamic characteristics of shaped micro-actuators solvedusing
the differential quadrature method, J. Micromech. Microeng. (2004) 647–655.

[19] H.A.C. Tilmans, R. Legtenberg, Electrostatically driven vacuum-encapsulated
polysilicon resonators, part II: theory and performance, Sensors Actuators A Phys.
(1994) 67–84.

[20] E.S. Hung, S.D. Senturia, Extending the travelrange of analog-tuned electrostatic ac-
tuators, J. Microelectron. Syst. (1999) 497–505.

[21] R. Javaheri, M.R. Eslami, Buckling of functionally graded plates under in-plane com-
pressive loading, J. Appl. Math. Mech. (2002) 277–283.

[22] D.G. Zhang, Y.H. Zhou, A theoretical analysis of FGM thin plates based on physical
neutral surface, Comput. Mater. Sci. (2008) 716–720.

[23] SaidiAR MohammadiM, E. Jomehzadeh, Levy solution for buckling analysis of func-
tionally graded rectangular plates, Appl. Compos. Mater. (2010) 81–93.

[24] SaidiAR BodaghiM, Stability analysis of functionally graded rectangular plates under
nonlinearly varying in-plane loading resting on elastic foundation, Arch. Appl. Mech.
(2011) 765–780.

[25] A.C. Eringen, On differential equations of nonlocal elasticity and solutions of screw
dislocation and surface waves, J. Appl. Phys. (1993) 4703–4710.

[26] A.C. Eringen, D.G.B. Edelen, On nonlocal elasticity, Int. J. Eng. Sci. 10 (1972) 233–248.
[27] J. Yang, X.L. Jia, S. Kitipornchai, Pull-in instability of nano-switches using nonlocal

elasticity theory, J. Phys. D. Appl. Phys. 41 (2008) 035103.
[28] A. Ghorbanpour Arani, M. Ghaffari, A. Jalilvand, R. Kolahchi, Nonlinear nonlocal pull-

in instability of boron nitride nanoswitches, Acta Mech. 3005 (2013) 3019.
[29] Y. Su, H. Wei, R. Gao, Z. Yang, J. Zhang, Z. Zhong, Exceptional negative thermal ex-

pansion and viscoelastic properties of graphene oxide paper, Carbon (2012)
2804–2809.

[30] J. Zhang, Fu Yiming, Pull-in analysis of electrically actuated viscoelastic microbeams
based on a modified couple stress theory, Meccanica 47 (2012) 1649–1658.

[31] H.M. Ma, X.L. Gao, J.N. Reddy, A microstructuredependent Timoshenko beam
model based on a modified couple stress theory, J. Mech. Phys. Solids (2008)
3379–3391.

[32] K.F. Wang, B.L. Wang, Influence of surface energy on the non-linear pull-in instabil-
ity of nano-switches, Int. J. Non Linear Mech. (2014) 69–75.

[33] S. Basu, A. Prabhakar, E. Bhattacharya, Estimation of stiction force from electrical and
optical measurements on cantilever beams, J. Microelectromech. Syst. 16 (2007)
1254–1262.

[34] S. Chakraborty, A. Bhattacharya, T.K. Bhattacharyya, Experimental analysis of pull-
out voltage of electrostatically actuated microcantilever beam based on contact-
stiction model, Micro Nano Lett. 6 (2011) 43–47.

http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0005
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0005
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0010
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0010
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0010
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0015
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0015
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0015
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0020
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0020
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0025
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0025
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0030
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0030
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0030
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0035
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0035
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0035
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0040
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0040
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0045
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0045
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0050
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0050
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0050
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0055
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0055
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0055
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0055
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0060
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0060
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0060
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0065
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0065
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0070
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0070
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0070
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0075
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0075
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0080
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0080
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0080
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0085
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0085
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0085
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0090
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0090
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0095
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0095
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0095
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0100
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0100
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0105
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0105
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0110
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0110
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0115
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0115
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0120
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0120
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0120
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0125
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0125
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0130
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0135
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0135
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0140
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0140
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0145
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0145
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0145
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0150
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0150
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0155
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0155
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0155
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0160
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0160
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0165
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0165
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0165
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0170
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0170
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0170


28 M. Shokravi / Microelectronics Reliability 71 (2017) 17–28
[35] Tong Qing Lu, Wei Xu Zhang, T.J. Wang, The surface effect on the strain energy re-
lease rate of buckling delamination in thin film–substrate systems, Int. J. Eng. Sci.
(2011) 967–975.

[36] M.E. Gurtin, A.I. Murdoch, A continuum theory of elastic material surface, Arch. Ra-
tion. Mech. Anal. 57 (1975) 291–323.

[37] M.T. SakhaeePour, M.T. Ahmadian, A. Vafai, Applications of single-layered graphene
sheets as mass sensors and atomistic dust detectors, Solid State Commun. 145
(2008) 168–172.

[38] Huu Tai Thai, P.V.O. Thuc, A new sinusoidal shear deformation theory for bending,
buckling, and vibration of functionally graded plates, Appl. Math. Model. (2013)
3269–3281.
[39] S. Pouresmaeeli, E. Ghavanloo, S.A. Fazelzadeh, Vibration analysis of viscoelastic
orthotropic nano-plates resting on viscoelastic medium, Compos. Struct. (2013)
405–410.

[40] M.I. Younis, Abdel-RahmanEMNayfehAH, Reduced-order models forMEMS applica-
tions, Nonlinear Dyn. (2005) 211–236.

[41] S.S. Rao, Mechanical Vibrations, fourth ed. Pearson, Prentice-Hall, Englewood Cliffs,
NJ, 2004.

[42] T. Mousavi, S. Bornassi, H. Haddadpour, The effect of small scale on the pull-in
instability of nano-switches using DQM, Int. J. Solids Struct. 50 (2013)
1193–1202.

http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0175
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0175
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0175
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0180
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0180
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0185
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0185
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0185
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0190
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0190
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0190
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0195
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0195
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0195
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0200
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0200
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0205
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0205
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0220
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0220
http://refhub.elsevier.com/S0026-2714(17)30023-9/rf0220

	Dynamic pull-�in and pull-�out analysis of viscoelastic nanoplates under electrostatic and Casimir forces via sinusoidal sh...
	1. Introduction
	2. Fundamental relations
	2.1. Surface energy in nanoplate
	2.2. Nonlocal elasticity theory
	2.3. Strain energy based on sinusoidal shear deformation theory
	2.4. Viscoelastic model
	2.5. External works
	2.5.1. Electrostatic force
	2.5.2. Casimir force

	2.6. Kinetic energy

	3. Solution method
	3.1. Galerkin's method
	3.2. Motion equations

	4. Results and discussion
	4.1. Validation
	4.2. Pull-in voltage
	4.3. Pull-in time
	4.4. Pull-out voltage

	5. Conclusion
	Appendix A
	References


